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1 Regular Properties

Exercise 1.1. Consider the following transition system TS:

3 {a.b, e} N b, c}

(-

and the regular safety property

“always if a is valid and b A —e was valid somewhere before,

P ¢ = . -
safe then a and b do not hold thereafter at least until ¢ holds’

As an example, it holds:

{0}0{a.b}{a.b,c} € pref(Puage)

{a,b}{a.b}0{b,c} € pref(Psafe)
{bHa,cH{aH{a, b c} € BadPref(Psjye)

{bH{a,cHa,ci{a} € BadPref(Feye)

Questions:

(a) Define an NFA A such that L(A) = MinBadPref(Psyfe)

(b) Decide whether T'S = Psgfe using the T'S ® A construction. Provide a counterexample if
TS ¥ Pyage



Exercise 1.2. Consider the following transition system TS:

w

and the reqular safety property
Paate = “always if b is holding and a was held somewhere before, then ¢ must not hold in the

position just after the current b”

1. Define an NFA A such that L(A) = MinBadPref (Piag)

2. Decide whether TS |= Page using the TS ® A construction. Provide a counterezample if TS
Psafe

Exercise 1.3. Find nondeterministic Biichi automata that accept the following w—reqular languages:
a) Ly = {o € {A, B}¥| contains ABA infinitely often, but AA only finitely often }

b) Ly = L,((AB + C) % (AA+ B)O)* + (A% C))
Exercise 1.4. Consider the following NBA Ay and As over the alphabet Y = {A, B,C}:
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Find w—reqular expressions for the languages accepted by Ay and As, respectively.



Exercise 1.5. Consider the following NBA Ay over the alphabet > = {A, B,C}.

{n8}

14,8)

1. Write an w-reqular expression for the language accepted by A;.
Exercise 1.6. Prove or disprove the following equivalences for w-reqular expressions:

)(E1+E2) Fw_El Fw—f—EQ Fv
)E(Fl—FFg)w_EFw—I—EFw
¢)E.(F.F*)* = E.F¥
d)(E*.F)* = E*.F*

Here, E, E1, E2, F, F1, F2 denote reqular expressions with € ¢ L(F)U L(F1)U L(F2).

Exercise 1.7. Show that the class of languages accepted by DBA is not closed under complementa-
tion.

Exercise 1.8. Consider the GNBA outlined on the right with acceptance sets F'1 = ql and F2 = q2.
Construct an equivalent NBA using the transformation introduced in the lecture.
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Exercise 1.9. Consider the following GNBA:

where the alphabet ¥ = {A, B} and the acceptance sets are F = {Fy, F»} with Fy = {q:} and
Fy ={p}.

1. Construct an equivalent NBA A using the transformation introduced in the lectures.

2. Write an w-regular expression denoting ezxactly L, (A).

Exercise 1.10. Provide NBA Al and A2 for the languages given by the expressions (AC + B)*B¥
and (B*AC)* and apply the product construction (using GNBA) to obtain an NBA A with L,(A) =
L,(A1) N Ly(Ag). Justify, why L,(G) =0 where G denotes the GNBA accepting the intersection.

Exercise 1.11. Draw nondeterministic Biichi automata that accept the following w-reqular languages:

1. Ly ={o € {A, B,C} | o contains C only finitely many times and contains AB infinitely many times
2. Lo =(AB+ AC)*ABC(BCA+ ACB)” + (A+ B)*(CB)*



Solutions

Solution of Exercise 1.1

e The NFA that accepts the set of minimal bad prefixes:
=(bA—=e)  (man=bA-c)vianc)

( {ss,q3) )

A counterexample to T'S = Pyqy. is given by the following initial path fragment in TS & A:
Te = (S0,41) (83, 42) (81,42} (s4. G2} {$5.03)
By projection on the state component, we get a path in the underlying transition system:
T = spsys1848; with trace (m) = {a,bH{a,c}{a. b, e}f{a, cH{a, b}

Obviously, trace (m) € BadPref(Psje), so we have Tracespn(TS) N BadPref(Psage) # 0. By
lemma 3.25, this is equivalent to TS & Py pe.



Solution of Exercise 1.2

1. An NFA accepting the minimal bad prefixes for the property is
A:

where:

-a = {{}7 {b}7 {C}v {b7 C}}
a = {{a},{a,b},{a,c}, {a,b,c}}

The union of —a and a is 247

—b = {{}7 {a}7 {C}7 {a7 C}}
b= {{b},{a,b},{b,c},{a,b,c}}

The union of —b and b is 247

¢ = {{c} {a,c}, {b,c}, {a, b, ct}
bA—c={{b},{a,b}}
b A—e={{} {a}}

The union of ¢, b A =¢ and —=b A —c¢ is 247

So the NFA is non-blocking apart from state ¢s.

2. To apply the product T'S ® A, A should be non-blocking. Our A is deterministic and becomes
non-blocking if we add a state g4 and let

..... True
True .

or alternatively we can add a self-loop on ¢3. In this case the automaton would recognize all bad
prefixes, not just the minimal ones. Let us consider A’ made on one of these two ways.

Let's construct the product:

L(S()) = {b7 C} 5((]07 {b7 C}) = {QO}

So the unique initial state of T'S ® A’ is < s, o >



< S0, g0 >

7N

< 81,41 > < 89,41 =

l

< 83,42 >

|
<sl@p

From < s, q >:

e 50— s1 L(s1) ={a}
d(qo, {a}) ={am}.
o 590 — so L(s9) = {a,b}

(g0, {a,b}) = {a}-
From < s1,¢qp >:

e 51 —> s3 L(s3) = {b}

6(q1, {b}) = {@=}.

From < s3,qo >:

e 53— s5 L(s5) = {a,c}

(g2, {a,c}) = {gs}-

we can stop constructing 7'S ® A’ because we can already decide that 'S ¥ Py, ..

Indeed in TS® A’ a state in which g3 is present is reachable *. The path gives us a counter-example
for the property:

S05153S5... whose trace is {b, c}{a}{b}{a,c}..F Psuse

Solution of Exercise 1.3

a) Ly = {0 € {A B}¥|o contains ABA infinitely often, but AA only finitely often}

A B B
q

BA.BQ A~ B A
g "
B

B




b) Ly = £ ((AB + C)*((AA + B)C)® + (A*C)¥)

Solution of Exercise 1.4

a)Ly(A1) = Lypgo- L, = L(C(A+ B+ C)"C+ A(A+ B+ C)TA)~

q090
b) Here, we have F' = {q1, ¢3}:
Lgyq = (B + C)" A(BC)

Lygs = (B+C)*(B + A(BC)"B)A”
LQ1q1 = (BC)*
L = Ax

q343

The language accepted by A, then is:
Lo,(A2) = Ugergoeqo Laog-(Laq \ {€})”

= quq1-<Lq1,q1 \ {5})w U LQOQ3'(LQ37Q3 \ {5})w
= L,([(B+ C)"A(BC)"|.[(BC)")]* + [(B + C)*(B + A(BC)*B)A*].[AT)]*
Solution of Exercise 1.5
Let's use the procedure given in the lecture slides.

Lys = (A+ B)*(CC)")C((A+ B)O)*

Loy = (A + B)*(CC)*)CAC* + (A + B)(CC))C((A+ B)C) BC"*

Lgg = (A+B)C) = Lgq \{e} = (A+ B)C)"
Lq;sq:s =" = Lq3q3 \ {5} =C*

Then L,(Ax) = ((A+B)*(CC)*)C((A+B)C)“+[((A+B)*(CC)* ) CAC*+((A+B)*(CC)*)C((A+
B)C)*B]C¥
(already simplified)



Solution of Exercise 1.6

a) (E1+ E2).F¥ = Ey.FY + B3 F¥
True, since:

L,((Ey+ Es).F¥) = L(E; + Ey).L(F)*
— (L(Ey) U £(Ey)).L(F)
= L(E1).LC(F)Y U L(E2).L(FW
= Lo (E1F¥) U Lo(Ea. )
=L (E1.FY + Ey.F¥)

b) E.(Fi + B3 = EFY + EFY
False: Consider E = ¢ and Fy; = A, [5 = B where ¢ denotes the language consisting of the empty
word only, i.e. {c}.
Then £,(E(F1 + Fa)*) = {A, B}¥, but (AB) ¢ L,(E.F' + E.F5) = {A*, B¥}.

¢) EAF.F )W =EF¥
True, since:

L E(F.FY) = L(E).L(FFY)*
= L(E).L(FT)*
LIE). ({wowiws . ..wg | k= 0Aw; € L(F) forall i € {0,...,k}})"
L(E){v1va.. I'H € L(FT)}
= £[_E'J W Wy Wy g Wo g WagyWa ... | Wiy, € LF)ViZ 1AV {1,k
= L(E).L(F)”
= L, (E.F¥)

d) (E*.F)¥ =FE"F¥
False: Consider £ = A, F' = B. Then, (AB)¥ € L,((E*.F)¥) but (AB) ¢ L, (E*.F¥)

Solution of Exercise 1.7

To show that the class of DBA-acceptable languages is not closed under complementation, consider the

following w-regular language over £ = {A, B}:
L=L,(((A+ B)yA))

It is recognizable by the following deterministic Biichi automaton:

It remains to show that its complement language L = {4, B}*\L = £w{(_A+B}"B"") cannot be recognized

by a deterministic Biichi automaton.
This is proven in Theorem 4.46 in the lecture notes.



Solution of Exercise 1.8
The acceptance condition for GNBA A = (Q, ) ,9,Qo, F) with F' = {F1,...,Fn} and Fi C Qfor
(1<i<n):

A accepts a € ¥¥ <= ex. infinite run p of A on a s.t. VF € F. (Oﬁj = 0. plj] € F)

Using the construction from the lecture, we infer the following NBA
A= (QZZ, J’:Q’O,F) where

» Q'=0Q x{1,2}

{(¢.9) ¢ €d(q,A)} if g ¢ F,

e 0'((g.9),4) = {{(q’, (imod2)+1)|q €d(q,A)} otherwise

* Qo= {(q0, 1)}
o F'={(q1.1)}

The automaton can be outlined as follows: Using the construction from the lecture, we infer the
following NBA




G1:

G

Solution of Exercise 1.9

1. The state space of the NBA is {qo, ¢1, 42} % {1,2}

where F' = {q, 1}.
Eliminating the unreachable states is: A :

2. An w-regular expression for the language of A is & = B*(A+ B)(AB)%

Solution of Exercise 1.10

NBA Al = (Ql; Z, (51, Q0,17 F1> and A2 = (QQ, Z, (527 QO,27 Fg) fOl’ the |anguages:

D
(U
B

The corresponding GNBA are given by:

(Q1,22,01,Qo.1,{F1})
= (Q2727527Q0,27 {F1})

Applying the product construction (cf. Lemma 4.60) yields the following GNBA:

G = (Q1 X Q2,2,6,Qo01 X Qop, F) where



e 3((p,q), A) = di(p, A) x d2(q, A)
o F= {F1 X Q2} U {Q1 X F2} = {{(P27QO)7 (p27Q1)}a {(p07Q1), (P1.q1), (pz,ch)}}

The automaton G can be outlined as follows (only reachable states are outlined below):

Its acceptance component is F = {{(p2, )}, {(p1, 1)} }-

According to the acceptance condition of GBNA, G accepts an input word if and only if for each
F € F some states are visited infinitely often. But as soon as (pa, qo) is visited, Fj is not reachable any
longer.
Therefore GG only accepts the empty language.

Given G, construct an equivalent NBA A:

Again, on each possible run, the state ((p2,qo),2) of A can be visited only once. Therefore also
L,(A) = 0 holds.



Solution of Exercise 1.11

1. In the prefix there could be As, Bs and Cs any order, the tail should be of the form (ATB")¥ =
AAABBABAABA...

{A,B,C} {A, B}




