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Trace equivalence is not compatible with CTL ssoons.1-2

Ti: Tr:

Traces(Ty) = { @@, @@ b } = Traces(Th)
CTL-formula ® = EIO(EIOa A EIOb)

Tift® and L EO®
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Classification of implementation relations  :suoors.16

e linear vs. branching time

* linear time: trace relations
* branching time: (bi)simulation relations

e (nonsymmetric) preorders vs. equivalences:

*  preorders: trace inclusion, simulation
* equivalences: trace equivalence, bisimulation

e strong vs. weak relations
* strong: reasoning about all transitions
* weak: abstraction from stutter steps
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Bisimulation for two transition systems sseoors 1-verms 215

let 7i = (Sl,ACtl, —1, 50,1,AP, L]_),
7—2 = (52) ACt27 —*, 50,27 AP7 L2)

be two transition systems
e with the same set AP

e possibly containing terminal states

Bisimulation equivalence of 7; and 75 requires
that 7; and 75 can simulate each other in a
stepwise manner.
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Bisimulation for two transition systems sseoors 1-verms 215

let 7]. = (517M1 —’I,SO,I,AP, Ll),
7—2 = (52)%) —2, 50,27 AP) L2)

be two transition systems

e with the same set AP «——| observables

e possibly containing terminal states

Bisimulation equivalence of 7; and 75 requires
that 7; and 75 can simulate each other in a
stepwise manner.
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Bisimulation for (77, 73) BSPQORS.1-18

binary relation R C §; x S, s.t. for all (s1, %) € R:

(1) Li(s1) = La(s2)
(2) Vs € Post(s1)3s; € Post(sy) s.t. (s1,5) ER

s1 “R- s s1 -R- s
l can be l l
f completed to

51 51 “R- s

(3) Vs, € Post(sy)3s; € Post(sy) s.t. (s1,55) ER
and such that the following initial condition holds:

(I) Vso1 € So13%02 € So2 st (s0,1,%2) ER
Vso2 € So23s501 € Soa s.t. (S0,1,%2) €ER
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bisimulation for (77, 73): relation R C S X S5 s.t.
for all (s1,5) € R: (1) labeling condition

(2) } mutual stepwise
(3) simulation
(

)

and initial condition
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Bisimulation equivalence ~ BSEQORS. 1-18

bisimulation for (77, 73): relation R C S X S5 s.t.
for all (s1,5) € R: (1) labeling condition

(2) } mutual stepwise
(3) simulation
(

)

bisimulation equivalence ~ for TS:
Ty ~ T, iff there is a bisimulation R for (77, 73)

and initial condition
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Bisimulation equivalence ~ BSEQORS. 1-18

bisimulation for (77, 73): relation R C S X S5 s.t.
for all (s1,5) € R: (1) labeling condition

(2) } mutual stepwise
(3) simulation
(

)

bisimulation equivalence ~ for TS:
Ty ~ T, iff there is a bisimulation R for (77, 73)

and initial condition

for state s; of 77 and state s, of 75:

s1 ~ s iff there exists a bisimulation R for (77, 73)
such that (s1,%) € R
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Two beverage machines BSEQORS. 1-8-B1S

AP = { pay, coke, soda}
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Two beverage machines BSEQORS. 1-8-B1S
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Two beverage machines BSEQORS. 1-8-B1S
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AP = { pay, coke, soda}

Ty ~ T, as there is a bisimulation for (71, 73):
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Two beverage machines BSEQORS. 1-8-B1S

[sod a]

AP = { pay, coke, soda}
Ty ~ T, as there is a bisimulation for (71, 73):

{ (pay.pay), (select,select), (soda,soda)
(coke,coke;), (coke,coke;) }
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Two beverage machines BSEQORS.1-8-Bis-3

AP = {pay, coke, soda}
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Two beverage machines BSEQORS.1-8-Bis-3

AP = {pay, coke, soda}
T #+T
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Two beverage machines BSEQORS.1-8-Bis-3

AP = {pay, coke, soda}
T # T
because there is no state in 77 that has both

e a successor labeled with coke and

e a successor labeled with soda
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Simulation condition of bisimulations R IE

1 R- s $1 R- s

| can be | |
completed to f

s 51 “R- s
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Path lifting for bisimulation R BSBQORS. 1-9-B1S

511

51,2

51,3

51,4
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Path lifting for bisimulation R BSBQORS. 1-9-B1S

511

51,2
! can be

completed to
513

51,4
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Path lifting for bisimulation R

511

51,2

51,3

51,4

can be
completed to

BSEQORS5.1-9-BIS

51,4
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Path lifting for bisimulation R

511

51,2

51,3

51,4

can be
completed to

BSEQORS5.1-9-BIS

51
l
511
l
51,2
l
51,3
l

51,4

!

R- s
1
-R- s,
l
-R- $2
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Path lifting for bisimulation R

51
l
511
l
51,2
l
51,3
l

51,4

!

“R-

2

can be
completed to

BSEQORS5.1-9-BIS

51
l
511
l
51,2
l
51,3
l

51,4

!

L)
!
521
l
5.2
!
53
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Path lifting for bisimulation R

51
l
511
l
51,2
l
51,3
l

51,4

!

“R-

2

can be
completed to

BSEQORS5.1-9-BIS

51
l
511
l
51,2
l
51,3
l

51,4

!
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~ Is an equivalence
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Properties of bisimulation equivalence ..o

~ is an equivalence, i.e.,

e reflexivity: 7 ~ 7 for all transition systems 7
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Properties of bisimulation equivalence ..o

~ is an equivalence, i.e.,

e reflexivity: 7 ~ 7 for all transition systems 7

.

If S is the state space of 7 then
R ={(s,s):s€ S}
is a bisimulation for (7,7)
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Properties of bisimulation equivalence ..o

~ is an equivalence, i.e.,

e reflexivity: 7 ~ 7 for all transition systems 7

e symmetry: 73 ~ T implies Tr, ~ T4
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Properties of bisimulation equivalence ..o
~ is an equivalence, i.e.,
e reflexivity: 7 ~ 7 for all transition systems 7

e symmetry: 73 ~ T implies Tr, ~ T4

If R is a bisimulation for (77, 73) then

R ={(s2,%) : (s51,%) € R}
is a bisimulation for (73, 71)
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Properties of bisimulation equivalence ..o
~ is an equivalence, i.e.,
e reflexivity: 7 ~ 7 for all transition systems 7
e symmetry: 73 ~ T implies Tr, ~ T4
e transitivity: if 73 ~ 75 and 73 ~ 73 then T, ~ T3
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Properties of bisimulation equivalence ..o

~ is an equivalence, i.e.,

e reflexivity: 7 ~ 7 for all transition systems 7
e symmetry: 73 ~ T implies Tr, ~ T4

e transitivity: if 73 ~ 75 and 73 ~ 73 then T, ~ T3
T
Let R12 be a bisimulation for (71, 72),
Ro3 be a bisimulation for (72, 73).
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Properties of bisimulation equivalence ..o

~ is an equivalence, i.e.,

e reflexivity: 7 ~ 7 for all transition systems 7
e symmetry: 73 ~ T implies Tr, ~ T4

e transitivity: if 73 ~ 75 and 73 ~ 73 then T, ~ T3
T

Let R12 be a bisimulation for (71, 72),
Ro3 be a bisimulation for (72, 73).

R def { (s1,3) : 3 s.t. (s1,9) € Rio
and (s, 53) € Ro3 }

is a bisimulation for (73, 73)
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Correct or wrong? BSEQORS. 119

S 5 55

wrong
u

st — u, but s, /— blue (thus s % )
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Correct or wrong? BSEQORS. 119

wron
u g

st — u, but s, /— blue (thus s % )

- <
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Correct or wrong? BSEQORS. 119

wron
u g

st — u, but s, /— blue (thus s % )

nNY
correct
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Correct or wrong? BSEQORS. 119

S1
wrong

st — u, but s, /— blue (thus s % )

S1 52
nNY
Wh
u y
wm w7 correct
1 $

bisimulation:

{(Wh W2)7 (W{a W2)7 (517 52)) (51) Sﬁ)’ (uw X)’ (uw y)}
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Correct or wrong? BSEQORS. 1-20
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Correct or wrong? BSEQORS. 1-20

correct
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Correct or wrong? BSEQORS. 1-20
S1 2
s ~ b $

t sg
t’ o _ correct
1 bisimulation

{(51’ 52)1 (Si’ 55)’ (5{, Sé’), (t17 t2)’ (ti7 t2)’ (tiia t2)}
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Correct or wrong? BSEQORS. 1-20

” % 7
s ~ b S
t]I_ tl 55 correct

bisimulation

{(51’ 52)1 (Si’ 55)’ (5{, Sé’), (t17 t2)’ (ti7 t2)’ (tiia t2)}

w2 A

~

64 /258



Correct or wrong? BSEQORS. 1-20

” % 7
s ~ b S
t]I_ tl 55 correct

bisimulation

{(51’ 52)1 (Si’ 55)’ (5{, Sé’), (t17 t2)’ (ti7 t2)’ (tiia t2)}

E g k correct
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Correct or wrong? BSEQORS. 1-20

o S ?
s ~ b $
Tt
t]I_ 1 Sg correct

bisimulation

{(51’ 52)1 (Si’ 55)’ (S{, Sg), (t17 t2)’ (ti7 t2)’ (tiia t2)}

S S
h Vi R V2 correct

bisimulation: {(51, 52), (tl, t2), (t{, tz), (Ul, UQ), (V1, V2)}
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Bisimulation vs. trace equivalence BSEQORS. 1-27
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Bisimulation vs. trace equivalence BSEQORS. 1-27

T ~ Ty => Traces(Ty) = Traces(T»)
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proof: ... path fragment lifting ...
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Bisimulation vs. trace equivalence BSEQORS. 1-27
T ~ Ty => Traces(Ty) = Traces(T»)
proof: ... path fragment lifting ...

Traces(Tq) = Traces(TL) = T1 ~ T
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Bisimulation vs. trace equivalence BSEQORS. 1-27
T ~ Ty => Traces(Ty) = Traces(T»)
proof: ... path fragment lifting ...

Traces(Tq) = Traces(TL) = T1 ~ T

trace equivalent, but not bisimulation equivalent
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Bisimulation vs. trace equivalence BSEQORS. 1-27
T ~ Ty => Traces(Ty) = Traces(T»)
proof: ... path fragment lifting ...

Traces(Tq) = Traces(TL) = T1 ~ T

Trace equivalence is strictly coarser than
bisimulation equivalence.
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Bisimulation vs. trace equivalence BSEQORS. 1-27
T ~ Ty => Traces(Ty) = Traces(T»)
proof: ... path fragment lifting ...

Traces(Tq) = Traces(TL) = T1 ~ T

Trace equivalence is strictly coarser than
bisimulation equivalence.

Bisimulation equivalent transition systems satisfy
the same LT properties (e.g., LTL formulas).
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Bisimulation equivalence ... BSEQORS. 1-20-BIS

e as a relation that compares 2 transition systems
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Bisimulation equivalence ... BSEQORS. 1-20-BIS

e as a relation that compares 2 transition systems

T 2!
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e as a relation on the states of 1 transition system
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Bisimulation equivalence ... BSEQORS. 1-20-BIS

e as a relation that compares 2 transition systems

T 2!

e as a relation on the states of 1 transition system

T/ O O
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Bisimulation equivalence ... BSEQORS. 1-20-BIS

e as a relation that compares 2 transition systems

T 2!

e as a relation on the states of 1 transition system

T/ O O

S1~SH iff 7;1 ~7;2
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Bisimulation equivalence ... BSEQORS. 1-20-BIS

e as a relation that compares 2 transition systems

ﬁ@ z@

e as a relation on the states of 1 transition system

S1~SH iff 7;1 ~7;2

79 /258



Bisimulation equivalence ... BSEQORS. 1-20-BIS

e as a relation that compares 2 transition systems
’ @ ’ \@
e as a relation on the states of 1 transition system

si~sy iff Ty ~ T, iff
there exists a bisimulation R for T s.t. (s1,5) € R
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Bisimulations on a single TS BSEQORS.1-32
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Bisimulations on a single TS BSEQORS.1-32

Let 7 be a TS with proposition set AP.
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Bisimulations on a single TS BSEQORS.1-32

Let 7 be a TS with proposition set AP.

A bisimulation for 7T is a binary relation R on the
state space of T s.t. for all (s1,5) € R:

(1) Lis1) = L(=)
(2) V s € Post(s1) 3 s) € Post(sp) s.t. (s1,8) €ER
(3) V s € Post(s,) 3 s; € Post(s1) s.t. (s1,8) €ER
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Bisimulation equivalence ~7 on a single TS sqons 13

Let 7 be a TS with proposition set AP.

A bisimulation for 7T is a binary relation R on the
state space of T s.t. for all (s1,5) € R:

(1) Lis1) = L(=)
(2) V s € Post(s1) 3 s) € Post(sp) s.t. (s1,8) €ER
(3) V s € Post(s,) 3 s; € Post(s1) s.t. (s1,8) €ER

bisimulation equivalence ~7:

sy ~1 s iff there exists a bisimulation R for T
st. (s1,9) ER
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Bisimulation equivalence ~7 on a single TS sqons 13

Let 7 be a TS with proposition set AP.

A bisimulation for 7T is a binary relation R on the
state space of T s.t. for all (s1,5) € R:

(1) Lis1) = L(=)
(2) V s € Post(s1) 3 s) € Post(sp) s.t. (s1,8) €ER
(3) V s € Post(s,) 3 s; € Post(s1) s.t. (s1,8) €ER

coinductive definition of ~:

sy ~1 s iff there exists a bisimulation R for T
st. (s1,9) ER

85 /258



Bisimulation equivalence BSEQORS. 1-30-BIS

Let 7 be a transition system with state space S.

Bisimulation equivalence ~7 is
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Bisimulation equivalence BSEQORS. 1-30-BIS

Let 7 be a transition system with state space S.

Bisimulation equivalence ~7 is

e the coarsest bisimulation on T
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Bisimulation equivalence BSEQORS. 1-30-BIS

Let 7 be a transition system with state space S.

Bisimulation equivalence ~7 is

e the coarsest bisimulation on T

e and an equivalence on S
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Bisimulation equivalence BSEQORS. 1-30A-BIS

Let 7 be a transition system with state space S.

Bisimulation equivalence ~7 is the coarsest equivalence
on S s.t. for all states 51, 5p € S with 51 ~7 s:
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Bisimulation equivalence BSEQORS. 1-30A-BIS

Let 7 be a transition system with state space S.

Bisimulation equivalence ~7 is the coarsest equivalence
on S s.t. for all states 51, 5p € S with 51 ~7 s:

(1) L(s1) = L(s2)
(2) each transition of 5 can be mimicked by
a transition of sp:
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Bisimulation equivalence BSEQORS. 1-30A-BIS

Let 7 be a transition system with state space S.

Bisimulation equivalence ~7 is the coarsest equivalence
on S s.t. for all states 51, 5p € S with 51 ~7 s:

(1) L(s1) = L(s2)
(2) each transition of 5 can be mimicked by
a transition of sp:

S1 ~T S 51 ~VT 2

! can be ! !

completed to
s{ p
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Two variants of bisimulation equivalence

~  relation that compares 2 transition systems
~7 equivalence on the state space of a single TS 7
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Two variants of bisimulation equivalence

~  relation that compares 2 transition systems
~7 equivalence on the state space of a single TS 7

1. ~g can be derived from ~
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Two variants of bisimulation equivalence

~  relation that compares 2 transition systems
~7 equivalence on the state space of a single TS 7

1. ~g can be derived from ~

for all states s; and s, of 7 :

s~ s iff Ty ~ T,

1
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Two variants of bisimulation equivalence

~  relation that compares 2 transition systems
~7 equivalence on the state space of a single TS 7

1. ~g can be derived from ~

for all states s; and s, of 7 :
s~ s iff Ty ~ T,

K A
N/
where 75 agrees with 7, except that state s is
declared to be the unique initial state
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Two variants of bisimulation equivalence

~  relation that compares 2 transition systems
~7 equivalence on the state space of a single TS 7

1. ~g can be derived from ~

for all states s; and s, of 7 :
s~ s iff Ty ~ T,

K A
N/
where 75 agrees with 7, except that state s is
declared to be the unique initial state

2. ~ can be derived from ~
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Derivation of ~ from ~g BSEQORS1-31
given two transition systems 77 and 7

71 with state space §; 7> with state space S,

& Y
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Derivation of ~ from ~g BSEQORS1-31
given two transition systems 77 and 7
71 with state space §; 7> with state space S,

& 9

\ \ /

consider T =T W75
(state space $1 ¥ S,)
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Derivation of ~ from ~g BSEQORS1-31
given two transition systems 77 and 7
71 with state space §; 7> with state space S,

& 9

\ \ /

consider T =T W75
(state space $1 ¥ S,)

Ty ~ 715 iff V initial states § of 7y
3 initial state s, of 75 s.t. s ~1 5,
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Derivation of ~ from ~g BSEQORS1-31
given two transition systems 77 and 7
71 with state space §; 7> with state space S,

& 9

\ \ /

consider T =T W75
(state space $1 ¥ S,)

Ty ~ 715 iff V initial states § of 7y
3 initial state s, of 75 s.t. s ~1 5,

and vice versa

100/ 258



Bisimulation quotient BSBQORS. 1-35
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient 7"/~ arises from T
by collapsing bisimulation equivalent states
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient:

T/~= (S, Act, —', S}, AP, L)
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient:
T/~=(5,Act, -, 5, AP, L")

e state space: S'=S5/~r

;

set of bisimulation equivalence classes
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient:
T/~=(5,Act, -, 5, AP, L")
e state space: S'=8§/~r
e set of initial states: 5§ = {[s]~y : 5 € So}
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient:
T/~=(5,Act, -, 5, AP, L")
e state space: S'=S5/~r
e set of initial states: 5§ = {[s]~y : 5 € So}
e labeling function:  L'([s]~,) = L(s)
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient:
T/~=(5,Act, -, 5, AP, L")
e state space: S'=S5/~r
e set of initial states: 5§ = {[s]~y : 5 € So}
e labeling function:  L'([s]~,) = L(s)

T

well-defined

by the labeling condition
of bisimulations
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient:
T/~=(5,Act, -, 5, AP, L")
e state space: S'=8§/~r
e set of initial states: 5§ = {[s]~y : 5 € So}
e labeling function:  L'([s]~,) = L(s)
e transition relation:

s— s

[slr — [5]~r
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient:
T/~=(5,Act, -, 5, AP, L")
e state space: S'=8§/~r
e set of initial states: 5§ = {[s]~y : 5 € So}
e labeling function:  L'([s]~,) = L(s)
e transition relation:

§s— § action labels
8], — [S']NT irrelevant

110/258



Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient:
T/~=(5,{r},—, S, AP, L)
e state space: S'=S§/~r
e set of initial states: 5§ = {[s]~y : 5 € So}
e labeling function:  L'([s]~,) = L(s)
e transition relation:

s &, ¢ action labels
irrelevant

sy = [s]r
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Bisimulation quotient BSBQORS. 1-35

Let T = (S, Act, —, Sp, AP, L) be a TS.

bisimulation quotient:

T/~=(5,{r},-', S AP, L)

e state space: S'=S5/~r

e set of initial states: 5§ = {[s]~y : 5 € So}
e labeling function:  L'([s]~,) = L(s)

e transition relation:

[0 2
S§— S T ~ T/

sy = [s]r
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Example: interleaving of n printers BSEQORS. 134

parallel system T = Printer ||| Printer ||| .. . ||| Printer

n printers
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Example: interleaving of n printers BSEQORS. 134

parallel system T = Printer ||| Printer ||| .. . ||| Printer

n printers

[ ready_to_print )
transition system ( >

for each printer
[ Is_printing ]
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Example: interleaving of n printers BSEQORS. 134

parallel system T = Printer ||| Printer ||| .. . ||| Printer

vV

n printers

AP ={0,1,...,n}  “number of available printers”

[ ready_to_print )
transition system < )

for each printer
[ Is_printing ]
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Example: n=3 printers BSEQORS. 1-34

parallel system T = Printer ||| Printer ||| .. . ||| Printer

n priT1ters
AP =1{0,1,2,3}

p: is printing
r: ready to print

116 /258



Example: n=3 printers BSEQORS. 1-34

parallel system T = Printer ||| Printer ||| .. . ||| Printer

n printers

AP = {0,1,2,3}

p: is printing
r: ready to print
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Example: n=3 printers BSEQORS. 1-34

parallel system T = Printer ||| Printer ||| .. . ||| Printer

n printers

AP = {0,1,2,3}

p: is printing

. bisimulation
r: ready to print

quotient
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Example: n=3 printers BSEQORS. 1-34

parallel system T = Printer ||| Printer ||| .. . ||| Printer

n printers

AP = {0,1,2,3}

2" states n+1 states
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