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Topics

e Equivalence of LTL formulas.

Self-duality of next operator. Expansion law for the until operator and its derivatives.

Expansion laws as fixpoint equations.
o The weak until operator. Duality of until and weak until.

Positive Normal Form

Material
Reading:

Chapter 5 of the book, Sections 5.1.4 and 5.1.5.

More:

The slides in the following pages are taken from the material of the course “Introduction to Model Check-
ing” held by Prof. Dr. Ir. Joost-Pieter Katoen at Aachen University.
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Equivalence of LTL formulas LTLSF3.1-24
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Self-duality of the next operator LTLSFS. 124

1 = @2 iff Words(p1) = Words(p2)

Claim: =Qp = O~  ‘“self-duality of next”
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Self-duality of the next operator LTLSFS. 124
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Self-duality of the next operator LTLSFS. 124

1 = @2 iff Words(p1) = Words(p2)

Claim: =Qp = O~  ‘“self-duality of next”

Proof: Ao A1 A2 A3 cen |= —-Q<p
iff Ao A1 A2 A3 cen bé OQO
iff A1 A2 A3 e bé (72
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Self-duality of the next operator LTLSFS. 124

1 = @2 iff Words(p1) = Words(p2)

Claim: =Qp = O~  ‘“self-duality of next”

Proof: AAAA... E Oy
iff AgA1A2Az... £ Qv
iff AAA... [ o
iff AAA... E —p
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Self-duality of the next operator LTLSFS. 124

Y1 = a2 iff Words(yp1) = Words(y»)

Claim:

Proof:

“Op = O
AgAL A As. ..
iff AgAL A As. ..
iff  AlAAs...
iff  AAAs...
iff AgAL A As. ..

“self-duality of next"”

E Oy
E Oy
E e
E e
E Oy
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Correct or wrong? LTLSFS. 126

WpVy) = Op VvV OY
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Correct or wrong? LTLSFS. 126

WpVy) = Op VvV OY

correct
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Correct or wrong?

LTLSF3.1-26

MeVy) = Op Vv OU
correct
Ve AY) = Op A OY
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Correct or wrong? LTLSFS. 126

NeVy) = Op Vv OU

correct

Qe AY) = Op A OY
wrong, E Ob A Qa
OTE ) e {2} 2 o(ona
similarly: O(eAv) = Op A O
O(evy) # Op v Op




Correct

Q0

or

wrong?

O

LTLSF3.1-27
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Correct or wrong?

LTLSF3.1-27

OO0 = Qv

correct Analogous: Ly

Oy
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Correct or wrong? LLsF 127

00p = Q¢
correct Analogous: Ly = Oy

OOy = OOy
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Correct or wrong? LLsF 127

00p = Q¢
correct Analogous: Ly = Oy

OOy = OOy

correct
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Correct or wrong? LLsF 127

00p = Q¢
correct Analogous: Ly = Oy

def
OOy = O0¢ =

correct

¥

note that:
AOA1A2... |=’¢’ iff A,‘A,‘.|_1 Iz(p for all IZ 1
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Correct or wrong? LLsF 127

00p = Q¢
correct Analogous: Ly = Oy

OOy = OO¢
correct

Oy = OO¢
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Correct or wrong? LLsF 127

00p = Q¢
correct Analogous: Ly = Oy

OOy = OO¢
correct

. 00 = infinitely often
Ol = Doe OO = eventually forever
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Correct or wrong? LLsF 127

OO0 = Qv

correct Analogous: Ly = Oy
OOy = OO¢
correct

. 00 = infinitely often
Ol = Doe OO = eventually forever
wrong

\ E O¢a
s {a} = Oa
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Expansion laws
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Expansion law for U

until: Uy = ¥ V (e AO(eUv))
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Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
v vV OO0y

eventually: O
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Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
v vV OO0y

eventually: O

note: O = true Uy
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Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
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note: QY = trueUy
=9 V (true A O(trueUv))




Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
eventually: Qv = ¢ v OOy

note: O = true Uy

=9 V (true A O(trueUv))
= Qv




Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
eventually: Qv = ¢ v OOy

note: QY = trueUy
=9 V (true A O(trueUv))
= QY
=y VvV O0¢




Expansion laws for U, ¢ and OJ

until: Uy Y V (e AO(eU1))

eventually: Oy = ¢ v O
?

always: Ly
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Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eU))
eventually: v = ¢ v O
always: oy = v A QO
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Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eU))
eventually: v = ¢ v O
always: oy = v A QO

O = ~0-)
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Expansion laws for U, ¢ and OJ

LTLSF3.1-29

until: Uy = ¥ V (e AO(eU))
eventually: v = ¢ v O
always: oy = v A QO

= 0

= (Vv O0) «

expansion law for ¢




Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eU))
eventually: v = ¢ v O
always: oy = v A QO

= 0

(=% Vv O0-)
% A 200

de Morgan




Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eU))
eventually: Oy = v v O
always: Oy = ¢ A QO
B
= —~(~¢ Vv O0)
= - A Q0

YA OO

double negation




Expansion laws for U, ¢ and OJ

until: eUP = P V (¢ AO(eU))
eventually: Oy = v v O
always: Oy = ¢ A Oy
Y= =09
= (¢ vV O0)
= - A Q0
= ¢ A Q-0 I self duality of O




Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eU))
eventually: v = ¢ v O
always: vy = ¥ A OOy
Oy = =0
= —(-y v O0)
= ) A _'OO_"‘)b
= v AN OO0
= v A OOy | definition of O




Expansion laws are fixed point equations

until: eUy¥ = ¥ V (e AO(eUv))

eventually: Qv v vV OO0y

always: Ly

¥ A Oy
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Expansion laws are fixed point equations

until:

eventually:

always:

pU

Oy

L

YV (pAO

¥ v O

¥ A O

LTLSF3.1-30

pU?y

oY

Ll
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Expansion laws are fixed point equations

until:

eventually:

always:

U= o V (eAO |Uy))
0| = ¢ v O
Oy| = v A Qv

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A OOa

consider

Y=a
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Expansion laws are fixed point equations

until: U= ¥ V (eAQ|eU¥|)
eventually: |Qv| = ¥ Vv Q¢
always: Oy = v A QO

...don't yield a complete characterization, e.g.,

false = a A Ofalse although
(a a A OOa Oa # false
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Expansion laws are fixed point equations

until:

eventually:

always:

oY

oUtp = o V

Y

Ly = ¢ A

(e AO(pU))

least fixed point

Oy

least fixed point

Oy

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A (OOa

although
Oa # false
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Expansion laws are fixed point equations

until:

eventually:

always:

Uy = ¥ Vv
W =49V
Ly = ¢ A

(e AO(pU))

least fixed point

Oy

least fixed point

Oy

greatest fixed point

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A (OOa

although
Oa # false
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Expansion law for U LTLSF3.1-31

The LTL formula x = ¢ U4 is the least solution of
X =%V (pAOx)
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Expansion law for U LTLSFS. 131

The LTL formula x = ¢ U4 is the least solution of
x =¢%V (eAOx)

i.e., Words(p U1)) least LT-property E s.t.
E = Words(y) U {A0A1A2... € Words(p) : AjAy... € E }
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Expansion law for U LTLSFS. 131

The LTL formula x = ¢ U4 is the least solution of
x =¢%V (eAOx)

i.e., Words(p U1)) least LT-property E s.t.
E = Words(y) U {A0A1A2... € Words(p) : AjAy... € E }

It even holds that Words(p U)) least LT-property E s.t.

(1) Words(y)) C E
(2) {AcAiAs... € Words(p) : AiAy...€ E} CE
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The Weak Until Operator W LTLSF3.1-WEAKUNTIL
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The weak until operator W

LTLSF3.1-WEAKUNTIL

e W1

def

(pU%) v Op
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The Weak Until Operator W LTLSF3.1-WEAKUNTIL

eWy € (pUy) v Op

deriving “always” and “until” from “weak until”:

Ly = 7
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The Weak Until Operator W LTLSF3.1-WEAKUNTIL

eWy € (pUy) v Op

deriving “always” and “until” from “weak until”:

Op = @Wfalse
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The weak until operator W

LTLSF3.1-WEAKUNTIL

e W1

' (pUy) v Op

deriving “always” and “until” from “weak until”:

O

pUy

@ W false
?
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The weak until operator W

LTLSF3.1-WEAKUNTIL

e W1

' (pUy) v Op

deriving “always” and “until” from “weak until”:

O

pUy

@ W false
(e W) A Oy
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Does 7 = aW b hold? LTuse3.1-32

® = {a}
@ = {n

I 1
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Does 7 = aW b hold? LTuse3.1-32

{a}

= aWb ®
@ = {v}

I 1
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Does 7 = aW b hold? LTuse3.1-32

= aWb ® = {3}
@ = {b}
O=zgo

at
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Does 7 = aW b hold?

LTLSF3.1-32

at

= aWb ® = {3}
= {b}
=g
= aWb (even aUb)
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Does 7 = aW b hold? LTuse3.1-32

= aWb ® = {3}
@ = {b}
O=zgo

f = aWb (even aUb)
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Does 7 = aW b hold? LTuse3.1-32

= aWb ® = {3}
@ = {b}
O=zgo

f = aWb (even aUb)

£ aWb
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Example: simple communication protocol

( try_to_send ]

delivered
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Example: simple communication protocol

T [~ O(blue — blue U delivered)
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Example: until versus weak until

( try_to_send ]

delivered

T [~ O(blue — blue U delivered)
T = O(blue — blue W delivered)
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Example: until versus weak until

( try_to_send ]

constrained liveness:
T [~ O(blue — blue U delivered)

delivered

safety: 7T |= O(blue — blue W delivered)
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D U a I ity Of U a n d W LTLSF3.1-WEAKUNTIL2

eWy € (pUy) v Op

goal: express ~(¢ U 1) via W, and vice versa
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D U a I ity Of U a n d W LTLSF3.1-WEAKUNTIL2

eWy € (pUy) v Op

=(pUvy)
= ((pA ) U (mp A=) V O(p A )
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D Ua I ity Of U a n d W LTLSF3.1-WEAKUNTIL2

eWy € (pUy) v Op

—(pU?)
= ((pA ) U (mp A=) V O(p A )
= (¢ AYP) W (mp A—p)



to be incorporated into the syntax of PNF formulae. The propositional logical primitives of
the positive normal form for LTL are the constant true and its dual constant false = —true,
as well as conjunction A and its dual, V. De Morgan’s rules =(¢ V ) = =p A - and
—(pAY) = —p V = yield the duality of conjunction and disjunction. According to the

duality rule = () ¢ = () ¢, the next-step operator is a dual of itself. Therefore, no
extra operator is necessary for (). Now consider the until operator. First we observe that
“(eUy) = ((eA9)U(mpA=0)) vV D(pA—9).

The first disjunct on the right-hand side asserts that ¢ stops to hold “too early”, i.e.,
before v becomes valid. The second disjunct states that ¢ always holds but never .
Clearly, in both cases, =(¢ U ) holds.

This observation provides the motivation to introduce the operator W (called weak until
or unless) as the dual of U. It is defined by:

def

pWy = (pUy) VvV Up.

The semantics of ¢ W) is similar to that of o U, except that ¢ U requires a state to
be reached for which %) holds, whereas this is not required for ¢ W, Until U and weak
until W are dual in the following sense:

“(pU¥) = (eAY)W(mpA )
(W) = (eA-¢)U(mp A1)



Expansion laws for U and W LrLsF3.1-34
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Expansion laws for U and W

LTLSF3.1-34

o Uy

oW1

Y V (e AO(pU))
?
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Expansion laws for U and W

LTLSF3.1-34

e Uy

oW

Y V (¢ AO(pU9))
YV (e AO(e W)
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Expansion laws for U and W

LTLSF3.1-34

e Uy

oW

Y V (¢ AO(pU9))
YV (e AO(e W)

smallest
solution
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Expansion laws for U and W

LTLSF3.1-34

pUd = 9V (pAO(pUD)) ig]iltllecif
pWo = oV (pAOWy) et
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Expansion laws for U and W LTLSFS. 134

pUd = 9V (pAO(pUD)) ig]iltllecif
pWo = oV (pAOWy) et

Words(¢ U ) smallest LT-property E s.t.
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Expansion laws for U and W LTLSFS. 134

pUd = 9V (pAO(pUD)) 22]3!2)5:
pWo = oV (pAOWy) et

Words(¢ U ) smallest LT-property E s.t.

(1) Words(y) C E
(2) {AoAlAz... € WOI’dS(qQ) : AjA... € E} CE
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Expansion laws for U and W LTLSFS. 134

pUd = 9V (pAO(pUD)) ig]ﬁltllecif
pWo = oV (pAOWy) et

Words(¢ U ) smallest LT-property E s.t.

(1) Words(y) C E
(2) {AoAlAz... € WOI’dS((,D) : AjA... € E} CE
)

Words(y)) U {A0A1A2... € Words(p) : AjAx... € E } CE
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Expansion laws for U and W LTLSF3. 1348

pUd = 9V (pAO(pUD)) ig]ﬁltllecif
pWo = oV (pAOWy) et

Words(p U 1) smallest LT-property E s.t.
Words(v) U {AoAlAz... € Words(p) : AjAy... € E } CE
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Expansion laws for U and W LTLSF3. 1348

pUd = 9V (pAO(pUD)) ig]ﬁltllecif
pWo = oV (pAOWy) et

Words(p U 1) smallest LT-property E s.t.
Words(v) U {AoAlAz... € Words(p) : AjAy... € E } CE

Words(p W) largest LT-property E s.t.
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Expansion laws for U and W LTLSF3. 1348

pUd = 9V (pAO(pUD)) ig]ﬁltllecf:
pWo = oV (pAOWy) et

Words(p U 1) smallest LT-property E s.t.
Words(v) U {AoAlAz... € Words(p) : AjAy... € E } CE

Words(p W) largest LT-property E s.t.
Words(v) U {A0A1A2... € Words(p) : AjAy... € E } D E
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Expansion laws for U and W LTLSF3. 1348

pUd = 9V (pAO(pUD)) ig]ﬁltllecf:
pWo = oV (pAOWy) et

Words(p U 1) smallest LT-property E s.t.
Words(v) U {AoAlAz... € Words(p) : AjAy... € E } CE

Words(p W) largest LT-property E s.t.
E C Words(y)) U {A0A1A2... € Words(p) : AjAy... € E }
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Expansion laws for U and W LTLSFS. 134

Uy = 9P V (eAO(pUY))

smallest solution

oWy = ¢ V (¢ AO(pW7))

largest solution
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Expansion laws for U, W, ¢, and O LTLSF3.1-34A
pUy = ¢V (¢AO(pUY))
smallest solution
W = ¢ Vv O

smallest solution

oWy = ¢ V (¢ AO(pW7))

largest solution

Op = ¢AQ0Op

largest solution

remind: Qv = trueUvy, Op = W false

216 /416



Positive normal form (PNF) LrLsE. 135
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Positive normal form (PNF) LrLsE. 135

e negation only on the level of literals

e uses for each operator its dual
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PNF for propositional logic LTLSF3.1-35

e negation only on the level of literals

e uses for each operator its dual

syntax of propositional formulas in PNF:

@ = true|false|a|ﬂa|g01/\<p2 o1V
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PNF for propositional logic LTLSF3.1-35

e negation only on the level of literals

e uses for each operator its dual

syntax of propositional formulas in PNF:

@ = true|false|a|ﬂa|g01/\<p2 o1V

-true = false duality of the
constant truth values

(1 Ap2) = 1V gy duality of V and A
(de Morgan's law)
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

p = true|false|a|—na|cp1/\<p2 01V

using duality of constants and duality of V and A
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

@ = true | false | a | -a | 1A\ P2 | 01V
Oy + dual operator for O

using duality of constants and duality of V and A
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

@ = true | false | a|—-a|cp1/\<p2 | 4,01V<P2|

Oy «| no new operator needed for =)

using duality of constants and duality of V and A

Q¢ = O~ self-duality of the next operator
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

@ = true | false | a|—na|<p1/\<p2 | 4,01V<P2|

Oy | w1 Uy + dual operator for U

using duality of constants and duality of V and A

2 O¢ = O~ self-duality of the next operator

225 /416



LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

p = true|false|a|—na|<p1/\<p2 01V

O¢ | e1Up2 | p1We

using duality of constants and duality of V and A

2 O¢ = O~ self-duality of the next operator

(p1Up2) = (—p2) W(—p1 A =)
duality of U and W
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Derivation of ) and O in LTL-PNF LTLSF3.1-35

p = true|false|a|—-a|<p1/\<p2 01V

O¢ | e1Uep2 | o1 W o




Derivation of ) and O in LTL-PNF

LTLSF3.1-35B

p = true|false|a|—-a|<p1/\<p2|<p1V<p2|
Op | e1Ue2 | e1Wer | Op | Op

¢ and O can (still) be derived:

Qp def true U ¢
Oy def oW false
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Universality of LTL-PNF LTLSFS. 1-36
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Universality of LTL-PNF LTLSFS. 1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF
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Universality of LTL-PNF LTLSFS. 1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ¢ ~» LTL formula in PNF ¢’
by successive application of the following rules:
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Universality of LTL-PNF LTLSFS. 1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ¢ ~» LTL formula in PNF ¢’
by successive application of the following rules:

—true ~~ false

Y ~p

(p1Ap2) ~ D1 Vo

lOX% ~ Oy

“(p1U2) ~» (mp2) W(—p1 A =)
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Universality of LTL-PNF LTLSFS. 1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ¢ ~» LTL formula in PNF ¢’
by successive application of the following rules:

—true ~> false

_I_I(p > 80

(1 Ap2) ~ 1 V)
“QOe ~ Oy

“(pr1U2) ~ (2p2) W(=p1 A o)

exponential-blow up is possible
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~ false

g o

“(p1Ap2) ~ —p1V -

~Op ~ Oy

“(p1Up) ~ (mp2) W(=p1 A —)
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
Y P

(1 Ap2) ~» =1V -y + analogue rule for mV
~Op ~» O

(pr1Up2) > (mp2) W1 A )
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
- ~ P

(1 Ap2) ~» =1V -y + analogue rule for mV
~O¢ ~ O

“(e1Ug2) ~ (m2) W1 A )

~0p w Onp 2lp ~ O
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
- ~ P

(1 Ap2) ~» =1V -y + analogue rule for mV
~O¢ ~ O

“(e1Ug2) ~ (m2) W1 A )

~0p w Onp 2lp ~ O

-0O((aUb) v QOc)
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
- ~ P

(1 Ap2) ~» =1V -y + analogue rule for mV
~O¢ ~ O

“(e1Ug2) ~ (m2) W1 A )

~0p w Onp 2lp ~ O

-0O((aUb) v QOc)
= 0—((aUb) v Qc) «|duality of ¢ and O
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
(1 Ap2) ~» =1V -y + analogue rule for mV
~O¢ ~ Oy
(p1Ug2) ~ (2@2) W(me1 A o)

-O((aUb) v Qc)
= ¢0—((aUb) v Qc) | duality of ¢ and O

= O(—(aUb) A =Qc) «—|duality of A and V
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
(1 Ap2) ~» =1V -y + analogue rule for mV
~Op ~ Oy
(pr1Up2) > (mp2) W1 A )

-0O((aUb) v QOc)
= 0—((aUb) v Qc) «|duality of ¢ and O
= Q(—-(aUb) A =) «—|duality of A and V
= O(—(aUb) A O—c) «— self-duality of O
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
(1 A2) ~» -1 Vs + analogue rule for Vv
~Ov ~ O~
(p1Ugp2) ~ (p2) W1 A =)

-0O((aUb) v QOc)
= 0—((aUb) v Qc) «|duality of ¢ and O
= Q(—-(aUb) A =) «—|duality of A and V
= O((-b)W(—a A —b) A O~c) «|duality of U and W
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true false 4+ analogue rule for —false

A~
(1 Ap2) ~» =1V -y + analogue rule for mV
%

Qe O
“(p1Upa) ~ (mp2) W(=1 A —p2)

-0O((aUb) v QOc)

0-((aUb) v O¢)

0(=(aUb) A =Oc)

O((=b) W(=a A =b) A O—c) «—|PNF|
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