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1 Linear Time Properties

Exercise 1.1. Give the traces on the set of AP=a,b of the following transition system:

Exercise 1.2. Consider the following transition system:

1. Define formally the traces on the alphabet 2AP, where AP = {a, b}

Exercise 1.3. Consider the set AP of atomic propositions defined by AP = {x = 0, x > 1} and
consider a non -terminating sequential computer program P that manipulates the variable x.
Formulate the following informally stated properties as LT properties:

a) false.
b) initially x is equal to zero.
c) initially x differs from zero .
d) initially x is equal to zero, but at some point x exceeds one.
e) x exceeds one only finitely many times.
f) x exceeds one infinitely often.
g) the value of x alternates between zero and two.
h) true



Exercise 1.4. Consider the set of atomic propositions AP = {a, b, c}. Consider the following linear
time properties informally stated:

1. initially a holds and b does not hold

2. c holds only finitely many times

3. from some point on the truth value of a alternates between true and false

4. whenever c holds, then a holds afterwards

5. b holds infinitely many times and whenever b holds then c holds afterwards

6. whenever c holds then a or b holds

7. a holds only finitely many times and c holds infinitely many times

8. whenever a holds then b and c holds after one step

9. never a and b hold at the same time and eventually c holds

10. at any point the number of times a held in the past is always greater than or equal to the number
of times b held in the past.

For each property above, (a) formally write it as a set of infinite traces on 2AP and (b) determine
whether it is a safety, liveness or mixed (safety and liveness) linear time property. Justify your
answers!
Hint: you may use the special quantifiers

∞
∀ i (”for nearly all i”) and

∞
∃ i (”there exists infinitely

many is”) as they are defined in the book.

Exercise 1.5. Give an algorithm (in pseudo–code) for invariant checking such that in case the
invariant is refuted, a minimal counterexample, i.e. a counterexample of minimal length, is provided
as error indication.

Exercise 1.6. Let P denote the set of traces of the form A0A1A2... ∈ (2AP )ω such that:



Exercise 1.7. Consider the transition system TS on the right (where atomic propositions are omit-
ted). Decide which of the following fairness assumption Fi are realizable for TS.
justify your answers!

a) F1 = ({{α}}, {{δ}}, {{α, β}})
b) F2 = ({{δ, α}}, {{α, β}}, {{γ}})
c) F3 = ({{α, δ}, {β, }}, {{α, β}}{{γ}})

Exercise 1.8. Consider the following transition system TS:

Consider the following linear time properties, where AP = {a, b, c, d}:

E1 = {A0A1A2 · · · ∈ (2AP)ω |
∞
∃ i : b ∈ Ai}

E2 = {A0A1A2 · · · ∈ (2AP)ω |
∞
∃ i : d ∈ Ai}

Finally, consider the following fairness assumptions:

F1 = ({{β}}, {{γ}, {δ}}, {{α}})
F2 = ({{β}}, {{γ}}, {{α}})
F3 = ({{β}}, {{γ}}, {})

Decide whether the following model checking statements hold or not:



1. TS |=F1 E1

2. TS |=F1 E2

3. TS |=F2 E1

4. TS |=F2 E2

5. TS |=F3 E1

6. TS |=F3 E2

Justify your answers!

Exercise 1.9. Let n ≥ 1. Consider the language Ln ⊆
∑∗ over the alphabet

∑
= {A,B} that

consists of all finite words where the symbol B is on position n from the right, i.e., Ln contains
exactly the words A1A2...Ak ∈ {A,B}∗ where k ≥ n and Ak−n+1 = B. For instance, the word
ABBAABAB is in L3.
a) Construct an NFA An with at most n+ 1 states such that L(An) = Ln.
b) Determinize this NFA An using the powerset construction algorithm.

Exercise 1.10. Let AP = {A,B,C,D} be a set of atomic propositions. Consider the following
informally stated linear time properties:

(a) Whenever A holds then, at the same time, B holds and C does not hold

(b) A and D hold together at least once

(c) A and D hold together at least twice

(d) A and D hold together infinitely many times

(e) Whenever B holds then C holds after some steps

(f) Always B or C hold

(g) Eventually C holds

(h) If A and C hold together once then eventually B holds continuously for infinitely many times

(i) C holds at least once and only finitely many times

(j) If A holds infinitely many times then C must hold only finitely many times

(k) Whenever B holds then after two steps C holds

(l) Whenever C holds then it continues to hold until D holds

For each property above:

1. formalise it as a set of infinite traces on the alphabet 2AP (use set expressions and first order
logic)

2. determine whether it is a safety, liveness or mixed (safety and liveness) linear time property.
Justify your answers!

Exercise 1.11. Consider the alphabet AP = {A,B,C,D} and the following linear time properties:



(a) Whenever A holds then B does not hold for two steps

(b) B and C hold together only finitely many times

(c) If C holds infinitely many times then D holds only finitely many times

(d) C holds at least once and whenever D holds also A must hold

For each property:

1. formalise it using set expressions and first order logic;

2. formalise it in LTL (you can use the operators next, until, box and diamond, together with all
boolean connectives);

3. tell if it is a safety, liveness or mixed property; in case it is a safety property provide an NFA
for the language of the minimal bad prefixes.

Exercise 1.12. Consider the alphabet AP = {A,B,C} and the following linear time properties:

(a) Whenever A holds then B holds immediately and in the next step

(b) B holds infinitely many times and C holds only finitely many times

(c) A holds at least twice and whenever B holds also C must hold

For each property:

1. formalise it using set expressions and first order logic;

2. formalise it in LTL (you can use the operators next, until, box and diamond, together with all
boolean connectives);

3. tell if it is a safety, liveness or mixed property. In case it is a pure safety property provide an
NFA for the language of the minimal bad prefixes. In case it is a pure liveness property
provide an NBA for the language of bad behaviours.



Solutions

Solution of Exercise 1.1

Traces(TS) = ({a}{a}+ {a}∅)({a, b}+ {a, b}{a})ω

How many traces? 2, both infinite.

Solution of Exercise 1.2

All possible paths are of five kinds:

1. sω1

2. s+1 (s5s6s2)
ω

3. s+1 (s3s4)
+s2(s5s6s2)

ω

4. s+1 (s3s4)
ω

5. s+1 (s2s5s6)
ω

The corresponding traces are:

{{a}ω} ∪ {{a}+({b}{a, b}{})ω} ∪ {{a}+({a}{b})+({}{b}{a, b})ω}∪

{{a}+({a}{b})ω} ∪ {{a}+({}{b}{a, b})ω}

Solution of Exercise 1.3

(a) P = ∅
(b) P = {A0, A1, A2... ∈ (2AP )ω|x0 ∈ A0}
(c) P = {A0, A1, A2... ∈ (2AP )ω|x0 /∈ A0}
(d) P = {A0, A1, A2... ∈ (2AP )ω|x0 ∈ A0 ∧ ∃i : (x > i) ∈ Ai ∧ i > 0}
(e) P = {A0, A1, A2... ∈ (2AP )ω|∃i ≥ 0 : ∀j ≥ i, (x > i) /∈ Aj}
(f) P = {A0, A1, A2... ∈ (2AP )ω|∀i ≥ 0 : ∃j ≥ i, (x > i) ∈ Aj}
(g) P = {A0, A1, A2... ∈ (2AP )ω|(∀ (x = 0) ∈ Ai ∧ (x > 1) ∈ Ai+1 ∧ i mod2 = 0) ∨

(∀ (x = 0) ∈ Ai ∧ (x > 1) ∈ Ai+1 ∧ i mod2 = 1)}
(h) P = (2AP )ω

Solution of Exercise 1.4

1. The property can be formally stated as
P = {A0, A1, ... ∈ (2AP )ω | a ∈ A0 ∧ b /∈ A0}
This property is a SAFETY PROPERTY as a bad prefix can be any prefix of a word in (2AP )ω

starting with { } or {b} or {c} or {a, b}or {b, c}or {a, b, c}.

2. P = {A0, A1, ... ∈ (2AP )ω |
∞
∀ i ∈ N, c /∈ Ai}

This is a LIVENESS PROPERTY because no prefix can be classified as bad because the information
on the occurrences of ”c” in the tail of the word is missing.



3. P = {A0, A1, ... ∈ (2AP )ω | ∃i ∈ N : ∀j ≥ i a ∈ Aj ⇔ a /∈ Aj + i}
LIVENESS: no prefix can be classified as bad without the information on the tail of the word.

4. P = {A0, A1, ... ∈ (2AP )ω | ∀i ∈ N : (c ∈ Ai =⇒ ∃j ≥ i : a ∈ Aj)}
LIVENESS: as above.

5. P = {A0, A1, ... ∈ (2AP )ω | (
∞
∃ i ∈ N : b ∈ Ai) ∧ (∀i ∈ N : (b ∈ Ai =⇒ ∃j ≥ i : c ∈ Aj))}

LIVENESS.

6. P = {A0, A1, ... ∈ (2AP )ω | ∀i ∈ N(c ∈ Ai =⇒ (a ∈ Ai ∨ b ∈ Ai))}
SAFETY: a bad prefix is, for instance, {c}{}{}{}...

7. P = {A0, A1, ... ∈ (2AP )ω | (
∞
∀ i ∈ N : a /∈ Ai) ∧ (

∞
∃ i ∈ N : c ∈ Ai)}

LIVENESS

8. P = {A0, A1, ... ∈ (2AP )ω | ∀i ∈ N : a ∈ Ai =⇒ (b ∈ Ai+1 ∧ c ∈ Ai+1)}
SAFETY: a bad prefix is for instance {a}{a}{a}...

9. P = {A0, A1, ... ∈ (2AP )ω | (∀i ∈ N : a ∈ Ai ⇔ b /∈ Ai) ∧ ∃i ∈ N : c ∈ Ai} MIXED: a bad prefix
for the first part is {a, b}{}{}...
The part on ” eventually ” c cannot have a bad prefix, so it is liveness property.

10. P = {A0, A1, ... ∈ (2AP )ω | ∀i ∈ N :| {0 ≤ j ≤ i : a ∈ Aj} |≥| {0 ≤ j ≤ i : b ∈ Aj} |}
Where | {...} | is set cardinality.
SAFETY: a bad prefix for example {b}{}{}...



Solution of Exercise 1.5



Solution of Exercise 1.6

Solution of Exercise 1.7
Realizable fairness assumptions:

a) F1 = ({{α}}, {{δ}}, {{α, β}}) is not realizable fair. Consider the states s1 and s4. There are no
F1 fair path fragments starting from s1 or s4, as on each such path fragment, α transitions never occur.
This violates the unconditional fairness constraint {{α}}.

b) F2 = ({{δ, α}}, {{α, β}}, {{γ}}) is realizable fair, as the SCC {s1, s4} is reachable from every
state and (s1, s4)

ω is a F2 fair path fragment.

c) F3 = ({{α, δ}, {β, }}, {{α, β}}{{γ}}) is realizable fair. Consider the same SCC {s1, s4} and again
the path fragment (s1, s4)

ω.

Solution of Exercise 1.8

let’s consider F1.
The unconditional fairness on {β} excludes the paths in which states S4 and S5 are reached.
The strong fairness on {γ} excludes the paths ending with Sω

0 or Sω
3 .

The strong fairness on {δ} excludes the paths in which s1 is visited infinitely many times because otherwise
the state s4 is reached.



The weak fairness on {α} excludes the paths cycling between states s0 and s2.
Thus the only fair paths are those the visit infinitely often the states s0,s2 and s3, but not s1.
in the light of the observations above we can conclude that TS 2F1 E1 and TS �F1 E2.

let’s consider F2.
The missing strong fairness on {δ} allows also the paths in which state s1 is visited infinitely often.
However, the paths in which only the states s0,s2 and s3 are still fair, so we have to conclude, as far F1:
TS 2F2 E1 and TS �F2 E2.

let’s consider F3.
The missing weak fairness on {α} allows, in addition to the ones fair for F2, the paths that visit infinitely
often only the statess0 and s1.
Thus the only fair paths are those the visit infinitely often the states s0,s2 and s3, but not s1.
Thus, we conclude that TS 2F3 E1 and TS 2F3 E2.

Solution of Exercise 1.9
a) Formally, we define the NFA An = (Qn,

∑
, δn, Q0, F ) where

• Qn = {q0, q1, ..., qn}

• transition relation defined by δn:

δn(q0, A) = {q0} δn(q0, B) = {q0, q1}
δn(q0, A) = {qqi+1}for0 < i < n δn(qi, B) = {qi+1}for0 < i < n

• the set of initial states: Q0 = {q0}

• F = {qn}

This can also be outlined as follows:

b) Applying the powerset construction to the NFA An yields the DFA A′n = (2Qn ,
∑
, δ′n, {q0}, F ′n)

where

• the transition function δ′n is defined (for k ∈ {0, ..., n}) as follows:

δ′n({q0, qi1, ..., qik}, A) = {qij+1|ij < n, j ∈ {1, ..., k}} ∪ {q0}

δ′n({q0, qi1, ..., qik}, A) = {qij+1|ij < n, j ∈ {0, ..., k}} ∪ {q0}

• The acceptance set is given by F ′n = {Q′ ∈ 2Qn|qn ∈ Q′}

Solution of Exercise 1.10



(a) Whenever A holds then, at the same time, B holds and C does not hold

1. Ea = {X0X1 · · · ∈ (2AP)ω | ∀i ∈ N (A ∈ Xi ⇒ (B ∈ Xi ∧ C 6∈ Xi))}
2. The property is an invariant, thus it is a SAFETY property. A bad prefix is, for instance, {A}.

(b) A and D hold together at least once

1. Eb = {X0X1 · · · ∈ (2AP)ω | ∃i ∈ N (A ∈ Xi ∧D ∈ Xi)}
2. The property is a LIVENESS because it is not possible to find a bad prefix: any prefix in which
A and D have not occurred simultaneously yet can always be completed into a trace in which
the required event happened.

(c) A and D hold together at least twice

1. Ec = {X0X1 · · · ∈ (2AP)ω | ∃i, j ∈ N (i 6= j ∧ A ∈ Xi ∧D ∈ Xi ∧ A ∈ Xj ∧D ∈ Xj)}
2. As in the previous case the property is a LIVENESS, with similar motivation.

(d) A and D hold together infinitely many times

1. Ed = {X0X1 · · · ∈ (2AP)ω |
∞
∃ i ∈ N (A ∈ Xi ∧D ∈ Xi)}

2. This is a typical LIVENESS property, no bad prefix exists for traces that do not belong to Ed.

(e) Whenever B holds then C holds after some steps

1. Ee = {X0X1 · · · ∈ (2AP)ω | ∀i ∈ N (B ∈ Xi ⇒ (∃j ∈ N (j > i ∧ C ∈ Xj)))}
2. This is a typical request-response property, which is a LIVENESS property. No bad prefix exists

for traces that do not belong to Ee.

(f) Always B or C hold

1. Ef = {X0X1 · · · ∈ (2AP)ω | ∀i ∈ N (B ∈ Xi ∨ C ∈ Xi)}
2. The property is an invariant, thus it is a SAFETY property. A bad prefix is, for instance, {}.

(g) Eventually C holds

1. Eg = {X0X1 · · · ∈ (2AP)ω | ∃i ∈ N (C ∈ Xi)}
2. The property is a LIVENESS because it is not possible to find a bad prefix: any prefix in which
C has not occurred yet can always be completed into a trace in which the required event
happened.

(h) If A and C hold together once then eventually B holds continuously for infinitely many times

1. Eh = {X0X1 · · · ∈ (2AP)ω | (∃i ∈ N (A ∈ Xi ∧ C ∈ Xi))⇒ (
∞
∀ j ∈ N (B ∈ Xj))}

2. The property is a LIVENESS because it is not possible to find a bad prefix: any prefix in which
A and C held together can always be completed into a trace in which the tail contains B
continuously.

(i) C holds at least once and only finitely many times



1. Ei = {X0X1 · · · ∈ (2AP)ω | ∃i ∈ N (C ∈ Xi) ∧ (
∞
∀ j ∈ N (C 6∈ Xj))}

2. The property is a LIVENESS because it is not possible to find a bad prefix: any prefix in which
C held can always be completed into a trace in which the tail contains no C continuously.

(j) If A holds infinitely many times then C must hold only finitely many times

1. Ej = {X0X1 · · · ∈ (2AP)ω | (
∞
∃ i ∈ N (A ∈ Xi))⇒ (

∞
∀ j ∈ N (C 6∈ Xj))}

2. The property is a LIVENESS, combination of two typical liveness properties

(k) Whenever B holds then after two steps C holds

1. Ek = {X0X1 · · · ∈ (2AP)ω | ∀i ∈ N (B ∈ Xi)⇒ (C ∈ Xi+2)}
2. The property is an invariant, thus it is a SAFETY property. A bad prefix is, for instance,
{B}{B}{B}.

(l) Whenever C holds then it continues to hold until D holds

1.
El = {X0X1 · · · ∈ (2AP)ω | ∀i ∈ N (C ∈ Xi)⇒ ∃j ∈ N (j > i ∧D ∈ Xj∧

∀k ∈ N (i ≤ k < j ⇒ C ∈ Xk))}
2. This a typical “until” property within an invariance, which is a MIXED property. Indeed
{C}{A} is a bad prefix but any prefix {C}{C}{C} · · · can be extended to a trace that
satisfies the required constraint.

Solution of Exercise 1.11

(a) This is a safety property. The set of all words belonging to the property is{
X0X1 . . . ∈

(
2AP

)ω | ∀i ∈ N.A ∈ Xi ⇒ (B /∈ Xi+1 ∧B /∈ Xi+2)
}

An LTL formula expressing the property is

� (A⇒ (©¬B ∧©©¬B))

An NFA accepting all the minimal bad prefixes is the following one (∼ stands for ¬)



(b) This is a liveness property. The set of all words belonging to the property is{
X0X1 . . . ∈

(
2AP

)ω |∞∀ i ∈ N.D /∈ Xi ∨ C /∈ Xi

}
An LTL formula expressing the property is

♦� (¬B ∨ ¬C)

(c) This is a liveness property. The set of all words belonging to the property is{
X0X1 . . . ∈

(
2AP

)ω | (∞∃ i ∈ N : C ∈ Xi

)
⇒
(∞
∀ i ∈ N.D /∈ Xi

)}
An LTL formula expressing the property is

(�♦C)⇒ (♦�¬D)

(d) This is a mixed property. The set of all words belonging to the property is{
X0X1 . . . ∈

(
2AP

)ω | (∃i ∈ N : C ∈ Xi) ∧ (∀i ∈ N.D ∈ Xi ⇒ A ∈ Xi)
}

An LTL formula expressing the property is

♦C ⇒ �(D ⇒ A)

Solution of Exercise 1.12



EY e) Ea= { Aoaz .  . c- EA7w I tie IN

A e Ai  ⇒ ( Bettin Bettin ) }
In LTL : D @ → ( BnOBD

This as a pure safety property .

The NFA accepting
the

language of minimal bed prefixes is :

go.IE#eEEahwhhe2istheacecpliysttb)Eb=tA.Az...e(2Ap)w/FielN:

Be Ai ^

FJEW
. Ccf Ai }

In LTL : DC > B ^ ( > Dnc

This is a pure liveners property .

To derive

an NBA accepting the bad behaviours



we first negate the Formula :

7 ( Dc > B n <> Dnc ) = DD 1 B ✓

D ( > C

A simple NFA accepting this heugnge is

as follows : the

→

@LBpDz•]
> B D.

g.
TO

true
→ !2!€-139

c

C. -

7g
7 C

when the set of initial states in { 92 } and the

out of accepting states is { 1,3 } .

c) Ec = { Ao As ... e @DW / Fi
, I e IN : its ^AeftinA e As ) ^

€re IN : BEAK ⇒ C C-And

}



In LTL : <>Can Ok> A)) n D @→c)

ThisisamnedpropntExD
The paths of the TS on the following :

To :@4)+4*5 Is :@3)
"

Is :@4)+h*)+@Dw
Iz :@(4+1)+1132)

w

The formula ya D (
b U c) is satisfied only

by the paths of type Is , hand tb, where the

atwughy connected component { 1,43 } is reached .

Let's consider yztan : the stray foiznes of 8

can exclude the
paths of the form Is ,

but not

ace of them .

In particular He petb

ohw is still fair , so this path is a counter

example to show TS #
year 9

.

let's consider YEN : week fair men on 2 is

trivially satisfied by the paths of the


