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1 Regular Properties

Exercise 1.1. Consider the following transition system TS:

and the regular safety property

“always if a is valid and b A —¢ was valid somewhere before,

P. . = . -
safe then a and b do not hold thereafter at least until ¢ holds’

As an example, it holds:

{b}Ma,b}{a.b,c} € pref(Psage)

{a,b}{a,b}0{b,c} € pref(Psage)
{b}{a.cH{a}{a.b,c} € BadPref(Pgyjp.)

{b}{a,cH{a,c}{a} € BadPref(Psyjy.)

Questions:

(a) Define an NFA A such that L(A) = MinBadPref(Ps.fe)

(b) Decide whether T'S {= Py,pe using the T'S ® A construction. Provide a counterezample if
TS ¥ Pioge



Exercise 1.2. Consider the following transition system TS:

L3 {ab)
-
L
ol
o T

e} "

and the reqular safety property
Piate = “always if b is holding and a was held somewhere before, then ¢ must not hold in the
position just after the current b”

1. Define an NFA A such that L(A) = MinBadPref (Piag)

2. Decide whether TS |& Page using the TS ® A construction. Provide a counterezample if TS W=
Psafe



Solutions

Solution of Exercise 1.1

e The NFA that accepts the set of minimal bad prefixes:
=(bA—-e) (man-bA-c)Vi(anc)

A counterexample to T'S |= Pyuy, is given by the following initial path fragment in T'S @ A:
Te = (S0,q1) ($3,42) ($1.42) (84, 02) {$5.43)
By projection on the state component, we get a path in the underlying transition system:
T = Sp$3818483 with trace (w) = {a,b}{a,c}{a.b,c}{a,c}{a, b}

Obviously, trace (m) € BadPref(Psage), so we have Tracespin(TS) N BadPref(Psage) # 0. By
lemma 3.25, this is equivalent to T'S & Pg,..



Solution of Exercise 1.2

1. An NFA accepting the minimal bad prefixes for the property is
A:

where:

-a = {{}7 {b}7 {C}v {b7 C}}
a = {{a},{a,b},{a,c}, {a,b,c}}

The union of —a and a is 247

—b = {{}7 {a’}7 {C}7 {a7 C}}
b= {{b},{a,b},{b,c},{a,b,c}}

The union of —b and b is 247

¢ = {{c} {a,c}, {b, ¢}, {a, b, ct}
bA—c={{b},{a,b}}
~bA—e={{} {a}}

The union of ¢, b A =¢ and —=b A —c¢ is 247

So the NFA is non-blocking apart from state gs.

2. To apply the product T'S ® A, A should be non-blocking. Our A is deterministic and becomes
non-blocking if we add a state g4 and let

..... True
True ’

or alternatively we can add a self-loop on ¢3. In this case the automaton would recognize all bad
prefixes, not just the minimal ones. Let us consider A’ made on one of these two ways.

Let's construct the product:

L(S()) = {b7 C} 5((]07 {b7 C}) = {QO}

So the unique initial state of T'S ® A’ is < s, o >



From < s, q >:

e 5o — s1 L(s1) ={a}
d(qo, {a}) = {am}.
® 50 — so L(s9) = {a,b}

d(qo, {a,b}) = {a}.
From < s1,¢qp >:

e 51 —> s3 L(s3) = {b}

0(q1, {b}) = {@=}.

From < s3,qo >:

e 53— s5 L(s5) = {a,c}

6(q2,{a,c}) = {gs}-

we can stop constructing 7'S ® A’ because we can already decide that 'S ¥ Py, ..

Indeed in T'S® A’ a state in which g3 is present is reachable *. The path gives us a counter-example
for the property:

S05153S5... whose trace is {b, c}{a}{b}{a,c}..F Psuse



2 Linear Temporal Logic

Exercise 2.1. Consider the following transition system T'S on AP = {a,b}:

and the following LTL formula ¢ = O0C—a.

1. Derive an NBAs A for the formula —p, i.e. such that L,(A) = L,(—p).

2. Tell whether or not it holds T'S |= ¢ by constructing TS ®.A and checking the proper persistence
property related to the accepting states of A. If T'S [~ ¢ then provide a counterezample, i.e.
give a path m € Paths(TS) such that m - ¢.

Hint: it is not required to construct all the transition system T'S ® A, but only the reachable
portion that is needed to answer to the question.

Exercise 2.2. Consider the following transition system T'S on AP = {a,b,c}.

1. Decide, for each LTL formula p; below, whether or not T'S |= ;. Justify your answers! If
TS V= i provide a path m € Paths(T'S) such that © - ¢;.

01 =<b wa =0 O (cVDb)
w3 =<(aNbAC) w1 = (OO Oa)V (©0Oa)
o= (aVOU@VS) g =D (O00))

2. Consider the following fairness assumptions written as LTL formulas:
falr — OGe — OCb fir — O0Oq falr — OOb — ((OCa) A (O0c))

(a) (2 points) Decide whether or not T'S |=gir @1 under the three different fairness conditions
i i€ {1,2,3}, separately. Whenever T'S Wi 1 provide a path m € Paths(T'S) such
that 7 £ @1 and arquing that T is fair with respect to ¥t .

(b) (2 points) Decide whether or not T'S i @ under the three different fairness conditions
Yi. i€ {1,2,3}, separately. Whenever T'S Wt w6 provide a path m € Paths(T'S) such
that m = pe and arguing that T is fair with respect to Vi, .
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Exercise 2.3. Consider the transition system TS over the set of atomic proposition AP = {a,b,c}:
Decide for each of the LTL formulas yp; holds. Justify your answer!

If TS E p;, provide a path m € paths(T'S) such that w ¥ ;.

p; = <0 w4 = 0a
g = Oc w5 = aldO(b V ¢)
p3=0Oc—00¢ ws = (O OUDV )

Exercise 2.4. Let AP = {a,b,c}. Consider the transition system T'S over AP outlined below

TS: )
> - T >
~l )}

\_ —

7N 77N

( l { |
ey (51) '

and the LTL fairness assumption fair = (OO(a Ab) — OO—¢) A (O (a A b) — OO—b).
a) Specify the fair paths of TS!
b) Decide for each of the following LTL formulas @; whether it holds T'S = tqir i

v1 = O—na — <C0a w9 = bUO-D w3 = bWWO-b
In case T'S ¥toir i, indicate a path m € € FairPaths(T'S) for which m ¥ ¢ holds.

Exercise 2.5. Consider the following LTL formula:
@ =0 — (bU (a N —b)))

1. Put the formula —p in Positive Normal Form containing the weak until operator W as dual of
the until.



2. Convert —p into an equivalent LTL formula ) that is constructed according to the following

grammar:
O = true | false | PAD | =P | OP | QU D

then, construct the set closure(v) and derive at least one set B that is elementary set with
respect to closure(1)).

Exercise 2.6. Transform the LTL—formula ¢ = =< (—(alde) — ((b A =d)Ua)) in positive normal
form, once using the W —operator and once using the R—operator.

Exercise 2.7. We consider model checking of w—regular LT properties which are defined by LTL
formulas. Therefore let 1 and @o be as follows:

w2 = <la N Qa)

Further, our model is represented by the transition system T'S over AP = {a,b} which is given
as outlined on the right. We check whether T'S| = ¢; for i = 1,2 using the nested depth—first search
algorithm from the lecture. Therefore proceed as follows:

a) Derive an NBA A; for the LTL formula —p; (fori=1,2). More precisely, for A; it must hold
Lo(Ai) = Lo(—gi).
Hint: Four, respectively three states suffice.

b) Outline the reachable fragment of the product transition system T'S ® A;.
c) Sketch the main steps of the nested depth—first search algorithm for the persistency check on

TS ® A;.
d) Provide the counterexample computed by the algorithm if T'S ¥ ;.



Solutions

Solution of Exercise 2.1

1. We first note the —p = -0OC—a = $Oa
An NBA A for &Oa is the following

. true O a

a

(1

true

where:

a = {{a}, {a,b}}

—a = {{},{b}}

true = {{a}, {b},{a, 0}, {}}
F= {Ch}

2. Let's start constructing the product 7'S ® A

The initial state are those (sg, z) where
x € 0(qo, L(s0)) =
5(q07 {CL}) =

{QO7QI}

that is, there are two initial states: (sg,qo) and (so,q1)

A
So Qo

from(so, qo):
S0 — 81,6(6]0, L(Sl)) =

9(g0, {a}) = {40, ¢}



So — 82,5((]0, L(Sg)) =

(o, {b}) = {QO}

from(sl,ql):
s1— s1,0(qr, L(s1)) =

6(q1,{a}) = {a1}

from(s1,qo):
§1 — 81,5(610,[/(31)) =

(g0, {a}) = {q0, 1}

We can stop constructing the product because it is now clear that there is a reachable strongly
connected component (SCC) in which ¢, is visited infinitely often.

This means that L,(7T'S ® A) # 0, thus there is a behaviour in TS that violates the formula
p = 00Ca.
Thus T'S ¥ ¢ and a counterexample is the path 7 : s¢(s1)

Solution of Exercise 2.2

1. TS E b

Counterexample: m = (s9s1)%

TSEQOQ (cVb)

Because the following are the all the possible prefixes of paths of TS:
So S1 S0---

So S2 S3...

S3 S4 S3

S3 S5 S3

third state of each paths (so and s3) satisfies (¢ V b)

TSEO(aNbAc)

Because all the runs that start in s3 never reach the state s, that is the only one in which a AbA ¢
is true

TSE (OO Oa)V (©Oa)

Because of the run s3 s4 s3 s5 (s3 55)“ in which the first "s5” ¥ a and (s3 s5)* # (COa)

TSE(@VbU(aVec)

In all runs:

Sp-- » So E(aVvVb)U (aVc)

S3 84 ... S3FE(aVb), sy F(aVb)
S3 85 ... S3FE (aVb), ss E(aVb)

TS ¥ O®b —s (O0c))

Because of the runs sq ... Sg S2 S3 4 (S3 84)” in which: s = b s3 = Oc and (s3 $4)*

is never ¢



2. e In case of fairness ¥{*r = OGc — OOH
the path (s s1)* is not fair, thus T'S |=¢.;; (1 under the fairness condition 1.

In case of fairness Y = OCa

the runs s ... So S2 S3 ... S3 (83 s4)* are not fair.
This does not effect the satisfaction of ¢;:

TS e 1 because the run (sq s1)* is fair for i

In case of ¢fr: OOCH — ((OCa) A (OOc))
the runs s ... So S2 S3 ... S3 (83 S4)”, So ... So S2 S3 ... S3 (sS3 85)“ are not fair.
This, again, does not effect the satisfaction of (.
TS Fiair o1 under ¢BIT because (sg s1)“ is fair in i

e In the previous case we discussed the runs that are not fair under {air, ;air,¢§air.
TS e 06 with ¥ because the paths sg ... so 52 (83 84)¢ are fair for i
TS e 06 with 5 because the paths sq ... so 52 (53 54)¢ are fair for 5
TS Egair 06 with 12T because the paths sg ... s¢ 2 (83 84)“ are not fair for i

Solution of Exercise 2.3
We have to decide the validity of the given LTL formulas wrt.
the transition system on the right. This yields:

p1 = <O0c N0 S$9545954...
e = 0O0c¢ yes
p3=0c—0O0O¢c yes

w4 = Oa no Ss...

w5 = adO(bV c) yes

we = (O ObUDVC) nO $15459...

Solution of Exercise 2.4

a) The fair paths of TS are defined by
fair = (OO(a A b) — OO—¢) A (OC(a A b) — OO—b) -

The conclusion in the first conjunction (OO (a A b) — OOC—e) is fulfilled by every path, since no
state in TS is labeled with ¢. Formally, we have O0—-¢ — OO—¢ and therefore our claim holds. Consider
the second part (O (a A b) — OOC=b) of fair: Its premise is fulfilled only on the path 7 = s%. But
7 ¥ OO=b. Therefore 7 is the only unfair path in TS:

FairPaths(TS) = L,((s0s1)” + (s0s1)" s + 53 545%)
b)

o ) — O—|a, — $O0a
Consider the path 7 = s3sus¢ € FairPaths(TS). For its corresponding trace

trace(m) = o1 = {a, b}{b}0*

it holds o, € Words((O—a), but oy ¢ Words(<¢Oa).
= 01 ¢ Words(O—-a — <0a)
= TS ¥ o Oma —s O0a



[ ] (p2 = bZ/{D_\b
Consider the path m = (s¢s1)* € FairPaths(TS). Here, we have

trace(ms) = 09 = ({a,b}{b})”

and o9 ¥ 4, BUUO-b since there exists no i > s.t. ofi...] F O-b.
= TS ¥ fair bUO-D

o 3 =bWO-b
It holds T'S ':fa’iT ©®1

Solution of Exercise 2.5

1. =~ ==0(b— (bU (a N—D))) =
=o(b— (bU (aND))) =
=o(=bV (bU (a AN D)) =
= <>(—|—|b A\ ﬁ(bu (CL A —|b))) =
=o(bA(bA=(aAN=b)W(=bA—=(aN-b))) =
=o(bA(bA (maVb))W(=bA (—aVb)))
the last form is in PNF.

2. As in the previous case —p = o(b A =(blU (a N\ —D)))
So —p = trueld (b A —(bU (a A —b)))
Let o = trueld(b A =(bU (a N —b)))
closure(y) = {true,a,b,a A =b, (bU(a A =b)),b A =((bU (a A =b))), ¢} U
{false, —a,=b,=(a A =b),=(bU (a A =b)),=(b A =((bU (a A —D)))), ~¢}
an example of elementary set is B = {true,a, =b, (bU (a A —b)),=(b A =((bU (a A —b)))), v}



Solution of Exercise 2.6
We have the following LTL formula:

Y= ﬁO(ﬁ(aUc) — ((bA ﬁd)Ua.))

D“((CLUC) \Y ((b/\ ﬁd)Ua)) (* Op=-0O-p and ¢ — ¥ = —p V ¥)
El(—n(aUc) AN —\((b AN —\d)U(L)) (* deMorgan *)

a) PNF with W-operator (weak until): Rewrite rule for until: =(¢@U) ~ (¢ A =¢))W(=p A —1)). We
obtain for ¢ as above:

e =0((aN—c)W(=aA=e)A(bA=dA=a)W(=(bA=d)A-a))
= ((a A =e)W(=a A =e) A (bA=d A —a)W((=bVd) A—a))Wfalse

b) PNF with R-operator (release): Rewrite rule for until: =(¢U) ~ —¢R-1. We obtain for ¢ as
above:

p= D(‘!(LR—\C A= (b A —d) R—\(L)
= falseR(—aR—-c A (=b V d)R—a)

Solution of Exercise 2.7

a) The automata accepting the complement languages of ¢; and ¢, are:

.Ali

-b A —a



b) The reachable fragments of T'® A; for i = 1,2 are as follows:

¢) Sketch the main steps of the nested depth-first search algorithm for the persistency check on T'® A;:
We check for the persistence property “eventually forever =F".

1. Constructed the product T'® A7, we can see that there is a reachable strongly connected component
(SCC) in which g is visited infinitely often.

This means that L, (T'S ® A;) # (0, thus there is a behaviour in TS that violates the formula ¢;.
So, T'S ¥ ¢4

2. Constructed the product T® As, we can see that there not a reachable strongly connected component
(SCC) in which gy is visited infinitely often.
This means that L,(7T'S ® Az) = (), thus there is not a behaviour in TS that violates the formula

P2-
SO, TS E ©2

d)
TS ¥ 1. counterexample: < sg,qo >, < S1,q1 >, < 83,q1 >, < So,q1 >, < S1,q2 >, < S3,q1 >



3 LTL Exercises from Book



EXERCISE 5.1. Consider the following transition system over the set of atomic propositions { a, b }:

(s4) {0}

{a}
{a} ( 81 89 {a,b}

Indicate for each of the following LTL formulae the set of states for which these formulae are



fulfilled:
(a) Oa (d) Uoa

(b)) OO Qe (e) O(bUa)
(c) OIb (f) ¢ (aUb)



EXERCISE 5.2. Consider the transition system TS over the set of atomic propositions AP =
{a,b,c}:

Decide for each of the LTL formulae ¢; below, whether T'S = ¢; holds. Justify your answers! If
TS |~ ;, provide a path m € Paths(T'S) such that 7w j& ;.

e1 =¢QUc

w2 =00c

p3 =0 c—>0Q0c
w4 =0Ua

es =alUO(BbVc)
pe =(O ObUBVC



EXERCISE 5.4. Suppose we have two users, Peter and Betsy, and a single printer device Printer.
Both users perform several tasks, and every now and then they want to print their results on the
Printer. Since there is only a single printer, only one user can print a job at a time. Suppose we
have the following atomic propositions for Peter at our disposal:

e Peter.request ::= indicates that Peter requests usage of the printer;
e Peter.use ::= indicates that Peter uses the printer;

e Peter.release ::= indicates that Peter releases the printer.
For Betsy, similar predicates are defined. Specify in LTL the following properties:

(a) Mutual exclusion, i.e., only one user at a time can use the printer.
(b) Finite time of usage, i.e., a user can print only for a finite amount of time.

(c) Absence of individual starvation, i.e., if a user wants to print something, he/she eventually
is able to do so.

(d) Absence of blocking, i.e., a user can always request to use the printer

(e) Alternating access, i.e., users must strictly alternate in printing.



EXERCISE 5.6. Which of the following equivalences are correct? Prove the equivalence or provide

a counterexample that illustrates that the formula on the left and the formula on the right are not
equivalent.

(a) Op =0 = U@V -yp)

(b) OO — O0Y O(eU (% V—e))
(c) OO(pV %) = =O(~p AY)

(d) OleAY) = Op A OY

(e) Op A O%p = Oy

(f) 0 A OOp = Op

(8) O0p — 00y = O(p — Ov)

(h) =(p1Upa) = —p2 W (=1 A —p2)
i) O0p1 =0 O 2

(G) (O0p)A(Q0w2) = O (e Algs)
(k) (prUp2)Up2 = o1 U



EXERCISE 5.11. Consider the transition system TS in Figure 5.25 with the set AP = { a,b,c} of
atomic propositions. Note that this is a single transition system with two initial states. Consider
the LTL fairness assumption

fair = (O0(aAb) — O0-¢) A (OO(aAb) — O0-b).

Questions:

(a) Determine the fair paths in TS, i.e., the initial, infinite paths satisfying fair
(b) For each of the following LTL formulae:

1 = QUa

0y = (O—a — QUa
QY3 = Lla

wg = bU O-b

s = bW [-b

pe = O ObULD



Figure 5.25: Transition system for Exercise 5.11.



determine whether TS =fir wi. In case TS [fir @i, indicate a path m € Paths(TS) for
which 7 [~ ;.



EXERCISE 5.13. Provide an NBA for each of the following LTL formulae:

OaeVv-0OQb) and Ga V OO(a—bd) and O O(aV OLb).



EXERCISE 5.17. Let v =0 (a & (O —a) and AP={a}.

(a) Show that 1) can be transformed into the following equivalent basic LTL formula

¢ ="[trueU (= (aAQ-a) A= (maA-O —a))].



4 CTL Exercises from Book



EXERCISE 6.1. Consider the following transition system over AP = { b,g,7,y }:

{y}

— (V- ©< (3) ts)

{b}

The following atomic propositions are used: r (red), y (yellow), g (green), and b (black). The
model is intended to describe a traffic light that is able to blink yellow. You are requested to
indicate for each of the following CTL formulae the set of states for which these formulae hold:

(a) VOu () 30 -g

(b) YOy (h) V(bU —b)

(c) VOVOy (i)  3(bU —b)

(d) VOg (G)  V(-bU30Y)
(e) g (k) V(gUV(yUr))
() 30g (1) V(~bUb)



EXERCISE 6.2. Consider the following CTL formulae and the transition system TS outlined on
the right:

®; =V(eUb)VvIO (VOb)

¢, =VOVY(aUb)

®;3 =(aAd) —- 3030 V(bWa)
¢, = (VOIO P3)




EXERCISE 6.3. Which of the following assertions are correct? Provide a proof or a counterexample.

(a) If s =30a, then s = Va.
(b) If s =Va, then s = J0a.
(c) If s =V0a V VOb, then s =V (a V b).
(d) If s VY0 (a V b), then s =V0Qa V VOb.



EXERCISE 6.4. Let ® and ¥ be arbitrary CTL formulae. Which of the following equivalences for
CTL formulae are correct?

(a) VOVO® = VOVO P

(b) 30 3FI0® = I0IO P

(c) VOVO® = vVOVO ®

(d) 3030O¢ = 3030

(e) 3030 = 3IJ0OFO P

(f) VO(® = (¥ A 309P)) = (¢ = VOU)

(g) VO(® = ¥) = (0P = 0V

(h) =¥(® U ¥) = 3(® U ~7)

(i) ((@ATY) U (-®AT)) = (@ U (-PAT))

(j) V(@ W ¥) =-3J(-Pd W —7)

(k) 3(® U ¥)=3(® U ¥) A OU

() (¥ W -¥)V V(T U false) =3O ¢ vV VO &

(m) VO A (-® VvV IO F0-P)=3X-P AVO @

n) VOWO0e =@ A (VO VOVOP) v VO (VO A VOVOD)
)

(
(o) VO® =& v VO VO®



EXERCISE 6.7. Transform the following CTL formulae into ENF and PNF. Show all intermediate
steps.

¢ = V((a)WOHL—-VQOec))

o, VO ( 3((~e)U(bA-c) vV IOVQa)



EXERCISE 6.9. Consider the CTL formula
® =VO (a — VO (b A —a))
and the following CTL fairness assumption:
fair =VOVQO (a A—b) = VOVO (BA-a)AQTOIOb — OOD.

Prove that TS =7, ® where transition system TS is depicted below.






EXERCISE 6.14. Check for each of the following formula pairs (®;, ¢;) whether the CTL formula
®,; is equivalent to the LTL formula ¢;. Prove the equivalence or provide a counterexample that
illustrates why ®; # ;.

Exercises 437
(a) &1 = VOOV a. and ¢; = OO a
(b) &2 = VOV aand 2 = ¢ a.
(c) &3 = VO(aAT (O a) and 3 = O(a A a).
(d) &4 = VO0a V VOband ¢, = O(a VD).
(e) &5 = VO(a — VOb) and @5 = O(a — Ob).
(f) ®¢ = V(bU(a AVOD)) and g = OQa A [b.



EXERCISE 6.16.

Consider the following CTL formulae
¢, =30Vec and &2 =V(aUV)c)

and the transition system TS outlined on the right. Decide
whether TS = &; for ¢ = 1,2 using the CTL model-checking
algorithm. Sketch its main steps.




EXERCISE 6.21. Consider the CTL formula ® and the strong fairness assumption sfair:

P =VOVOa
sfair =00 (bA—-a) - 00 3(bU(a A b))
\—B,—/ . ; 7

and transition system T'S over AP = { a,b } which is given by



Questions:

(a) Determine Sat(®;) and Sat(¥;) (without fairness).
(b) Determine Satgf,;- (30 true).
(c) Determine Satssair (P).



EXERCISE 6.23. Consider the following transition system TS over AP = { a1,...,as }.

{ai,a3} {as4,a2} /l\ﬂ {a;} {ai,a2} {a2,a4}

© 5 (E)——(s (s ]D
¥ N

{0,1,0,5} {0'3,0'290'5}




Let ® = 40O (a1 — J(a; Uag)) and sfair = sfair; A sfair, A sfairgs a strong CTL fairness
assumption where

sfair, = [0O0 VO(a1 Vaz) — O0ay
sfair, = 0OO(as A —as) — OOas
sfairs, = [OO(az Aas) — OOag

Sketch the main steps for computing the satisfaction sets Satsf,ir(30true) and Satssair (P).



