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Topics

• Equivalence of LTL formulas.

• Self-duality of next operator. Expansion law for the until operator and its derivatives.

• Expansion laws as fixpoint equations.

• The weak until operator. Duality of until and weak until.

• Positive Normal Form

Material

Reading:

Chapter 5 of the book, Sections 5.1.4 and 5.1.5.

More:

The slides in the following pages are taken from the material of the course “Introduction to Model Check-

ing” held by Prof. Dr. Ir. Joost-Pieter Katoen at Aachen University.
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Equivalence of LTL formulas ltlsf3.1-24
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Equivalence of LTL formulas ltlsf3.1-24

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)
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Equivalence of LTL formulas ltlsf3.1-24

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

iff for all transition systems TTT :

T |= ϕ1T |= ϕ1T |= ϕ1 ⇐⇒⇐⇒⇐⇒ T |= ϕ2T |= ϕ2T |= ϕ2
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Equivalence of LTL formulas ltlsf3.1-24

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

iff for all transition systems TTT :

T |= ϕ1T |= ϕ1T |= ϕ1 ⇐⇒⇐⇒⇐⇒ T |= ϕ2T |= ϕ2T |= ϕ2

Examples:

ϕ1 ∨ ϕ2ϕ1 ∨ ϕ2ϕ1 ∨ ϕ2 ≡≡≡ ϕ2 ∨ ϕ1ϕ2 ∨ ϕ1ϕ2 ∨ ϕ1

¬¬ϕ¬¬ϕ¬¬ϕ ≡≡≡ ϕϕϕ
...
......

all equivalences
from propositional logic
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Equivalence of LTL formulas ltlsf3.1-24

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

iff for all transition systems TTT :

T |= ϕ1T |= ϕ1T |= ϕ1 ⇐⇒⇐⇒⇐⇒ T |= ϕ2T |= ϕ2T |= ϕ2

Examples:

ϕ1 ∨ ϕ2ϕ1 ∨ ϕ2ϕ1 ∨ ϕ2 ≡≡≡ ϕ2 ∨ ϕ1ϕ2 ∨ ϕ1ϕ2 ∨ ϕ1

¬¬ϕ¬¬ϕ¬¬ϕ ≡≡≡ ϕϕϕ
...
......

¬⃝ϕ¬⃝ϕ¬⃝ϕ ≡≡≡ ⃝¬ϕ⃝¬ϕ⃝¬ϕ

all equivalences
from propositional logic
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ “self-duality of next”
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬⃝ϕ¬⃝ϕ¬⃝ϕ
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬⃝ϕ¬⃝ϕ¬⃝ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . ̸|≠|≠|= ⃝ϕ⃝ϕ⃝ϕ
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬⃝ϕ¬⃝ϕ¬⃝ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . ̸|≠|≠|= ⃝ϕ⃝ϕ⃝ϕ
iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . ̸|≠|≠|= ϕϕϕ
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬⃝ϕ¬⃝ϕ¬⃝ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . ̸|≠|≠|= ⃝ϕ⃝ϕ⃝ϕ
iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . ̸|≠|≠|= ϕϕϕ

iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . |=|=|= ¬ϕ¬ϕ¬ϕ
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ¬⃝ϕ ≡ ⃝¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬⃝ϕ¬⃝ϕ¬⃝ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . ̸|≠|≠|= ⃝ϕ⃝ϕ⃝ϕ
iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . ̸|≠|≠|= ϕϕϕ

iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . |=|=|= ¬ϕ¬ϕ¬ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ⃝¬ϕ⃝¬ϕ⃝¬ϕ
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Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ
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Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ

correct
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Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ

correct

♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ
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Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ

correct

♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ

wrong,
e.g., {b}{b}{b} {a}{a}{a}

|= ♦b ∧ ♦a|= ♦b ∧ ♦a|= ♦b ∧ ♦a

̸|= ♦(b ∧ a)̸|= ♦(b ∧ a)̸|= ♦(b ∧ a)
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Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ

correct

♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ

wrong,
e.g., {b}{b}{b} {a}{a}{a}

|= ♦b ∧ ♦a|= ♦b ∧ ♦a|= ♦b ∧ ♦a

̸|= ♦(b ∧ a)̸|= ♦(b ∧ a)̸|= ♦(b ∧ a)

similarly: "(ϕ ∧ ψ)"(ϕ ∧ ψ)"(ϕ ∧ ψ) ≡≡≡ "ϕ ∧ "ψ"ϕ ∧ "ψ"ϕ ∧ "ψ
"(ϕ ∨ ψ)"(ϕ ∨ ψ)"(ϕ ∨ ψ) ̸≢≢≡ "ϕ ∨ "ψ"ϕ ∨ "ψ"ϕ ∨ "ψ
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Correct or wrong? ltlsf3.1-27

♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ
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Correct or wrong? ltlsf3.1-27

♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ
correct Analogous: ""ϕ ≡ "ϕ""ϕ ≡ "ϕ""ϕ ≡ "ϕ
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Correct or wrong? ltlsf3.1-27

♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ
correct Analogous: ""ϕ ≡ "ϕ""ϕ ≡ "ϕ""ϕ ≡ "ϕ

⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ
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Correct or wrong? ltlsf3.1-27

♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ
correct Analogous: ""ϕ ≡ "ϕ""ϕ ≡ "ϕ""ϕ ≡ "ϕ

⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ
correct
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Correct or wrong? ltlsf3.1-27

♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ
correct Analogous: ""ϕ ≡ "ϕ""ϕ ≡ "ϕ""ϕ ≡ "ϕ

⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ def
= ψ
def
= ψ
def
= ψ

correct

note that:

A0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψA0 A1 A2 . . . |= ψ iff Ai Ai+1 . . . |= ϕAi Ai+1 . . . |= ϕAi Ai+1 . . . |= ϕ for all i ≥ 1i ≥ 1i ≥ 1
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Correct or wrong? ltlsf3.1-27

♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ
correct Analogous: ""ϕ ≡ "ϕ""ϕ ≡ "ϕ""ϕ ≡ "ϕ

⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ
correct

♦"ϕ ≡ "♦ϕ♦"ϕ ≡ "♦ϕ♦"ϕ ≡ "♦ϕ
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Correct or wrong? ltlsf3.1-27

♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ
correct Analogous: ""ϕ ≡ "ϕ""ϕ ≡ "ϕ""ϕ ≡ "ϕ

⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ
correct

♦"ϕ ≡ "♦ϕ♦"ϕ ≡ "♦ϕ♦"ϕ ≡ "♦ϕ "♦"♦"♦ =̂̂=̂= infinitely often
♦"♦"♦" =̂̂=̂= eventually forever
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Correct or wrong? ltlsf3.1-27

♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ♦♦ϕ ≡ ♦ϕ
correct Analogous: ""ϕ ≡ "ϕ""ϕ ≡ "ϕ""ϕ ≡ "ϕ

⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ⃝"ϕ ≡ "⃝ϕ
correct

♦"ϕ ≡ "♦ϕ♦"ϕ ≡ "♦ϕ♦"ϕ ≡ "♦ϕ "♦"♦"♦ =̂̂=̂= infinitely often
♦"♦"♦" =̂̂=̂= eventually forever

wrong

∅∅∅ {a}{a}{a}

|= "♦a|= "♦a|= "♦a

̸|= ♦"a̸|= ♦"a̸|= ♦"a
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Expansion laws ltlsf3.1-28
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Expansion law for UUU ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

ψ ∨ (true ∧ ⃝(ψ ∨ (true ∧ ⃝(ψ ∨ (true ∧ ⃝( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

≡≡≡ ψ ∨ (true ∧ ⃝(ψ ∨ (true ∧ ⃝(ψ ∨ (true ∧ ⃝( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

≡≡≡ ψ ∨ (true ∧ ⃝(ψ ∨ (true ∧ ⃝(ψ ∨ (true ∧ ⃝( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

≡≡≡ ψ ∨ (true ∧ ⃝(ψ ∨ (true ∧ ⃝(ψ ∨ (true ∧ ⃝( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))

≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ
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Expansion laws for UUU, ♦♦♦ and """ ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

always: "ψ"ψ"ψ ≡≡≡ ?
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Expansion laws for UUU, ♦♦♦ and """ ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ
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Expansion laws for UUU, ♦♦♦ and """ ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ

"ψ"ψ"ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
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Expansion laws for UUU, ♦♦♦ and """ ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ

"ψ"ψ"ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)←←← expansion law for ♦♦♦
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Expansion laws for UUU, ♦♦♦ and """ ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ

"ψ"ψ"ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)

≡≡≡ ¬¬ψ ∧ ¬⃝♦¬ψ¬¬ψ ∧ ¬⃝♦¬ψ¬¬ψ ∧ ¬⃝♦¬ψ ←←← de Morgan
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Expansion laws for UUU, ♦♦♦ and """ ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ

"ψ"ψ"ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)

≡≡≡ ¬¬ψ ∧ ¬⃝♦¬ψ¬¬ψ ∧ ¬⃝♦¬ψ¬¬ψ ∧ ¬⃝♦¬ψ
≡≡≡ ψ ∧ ¬⃝♦¬ψψ ∧ ¬⃝♦¬ψψ ∧ ¬⃝♦¬ψ ←←← double negation
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Expansion laws for UUU, ♦♦♦ and """ ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ

"ψ"ψ"ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)

≡≡≡ ¬¬ψ ∧ ¬⃝♦¬ψ¬¬ψ ∧ ¬⃝♦¬ψ¬¬ψ ∧ ¬⃝♦¬ψ
≡≡≡ ψ ∧ ⃝¬♦¬ψψ ∧ ⃝¬♦¬ψψ ∧ ⃝¬♦¬ψ ←←← self duality of⃝⃝⃝
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Expansion laws for UUU, ♦♦♦ and """ ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ

"ψ"ψ"ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)¬(¬ψ ∨ ⃝♦¬ψ)

≡≡≡ ¬¬ψ ∧ ¬⃝♦¬ψ¬¬ψ ∧ ¬⃝♦¬ψ¬¬ψ ∧ ¬⃝♦¬ψ
≡≡≡ ψ ∧ ⃝¬♦¬ψψ ∧ ⃝¬♦¬ψψ ∧ ⃝¬♦¬ψ
≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ ←←← definition of """
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝ψ ∨ (ϕ ∧⃝ψ ∨ (ϕ ∧⃝ ϕUψϕUψϕUψ )))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝ψ ∨ ⃝ψ ∨ ⃝♦ψ♦ψ♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝ψ ∧ ⃝ψ ∧ ⃝"ψ"ψ"ψ
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝ψ ∨ (ϕ ∧⃝ψ ∨ (ϕ ∧⃝ ϕUψϕUψϕUψ )))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝ψ ∨ ⃝ψ ∨ ⃝♦ψ♦ψ♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝ψ ∧ ⃝ψ ∧ ⃝"ψ"ψ"ψ

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ⃝falsea ∧ ⃝falsea ∧ ⃝false

"a"a"a ≡≡≡ a ∧ ⃝"aa ∧ ⃝"aa ∧ ⃝"a
consider
ψ = aψ = aψ = a
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝ψ ∨ (ϕ ∧⃝ψ ∨ (ϕ ∧⃝ ϕUψϕUψϕUψ )))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝ψ ∨ ⃝ψ ∨ ⃝♦ψ♦ψ♦ψ

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝ψ ∧ ⃝ψ ∧ ⃝"ψ"ψ"ψ

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ⃝falsea ∧ ⃝falsea ∧ ⃝false

"a"a"a ≡≡≡ a ∧ ⃝"aa ∧ ⃝"aa ∧ ⃝"a
although
"a ̸≡ false"a ̸≡ false"a ̸≡ false
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

least fixed point

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ
least fixed point

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ⃝falsea ∧ ⃝falsea ∧ ⃝false

"a"a"a ≡≡≡ a ∧ ⃝"aa ∧ ⃝"aa ∧ ⃝"a
although
"a ̸≡ false"a ̸≡ false"a ̸≡ false
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))ψ ∨ (ϕ ∧⃝(ϕUψ))

least fixed point

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ⃝♦ψψ ∨ ⃝♦ψψ ∨ ⃝♦ψ
least fixed point

always: "ψ"ψ"ψ ≡≡≡ ψ ∧ ⃝"ψψ ∧ ⃝"ψψ ∧ ⃝"ψ
greatest fixed point

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ⃝falsea ∧ ⃝falsea ∧ ⃝false

"a"a"a ≡≡≡ a ∧ ⃝"aa ∧ ⃝"aa ∧ ⃝"a
although
"a ̸≡ false"a ̸≡ false"a ̸≡ false
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Expansion law for UUU ltlsf3.1-31

The LTL formula χ = ϕUψχ = ϕUψχ = ϕUψ is the least solution of

χ ≡ ψ ∨ (ϕ ∧⃝χ)χ ≡ ψ ∨ (ϕ ∧⃝χ)χ ≡ ψ ∨ (ϕ ∧⃝χ)
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Expansion law for UUU ltlsf3.1-31

The LTL formula χ = ϕUψχ = ϕUψχ = ϕUψ is the least solution of

χ ≡ ψ ∨ (ϕ ∧⃝χ)χ ≡ ψ ∨ (ϕ ∧⃝χ)χ ≡ ψ ∨ (ϕ ∧⃝χ)

i.e., Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) least LT-property EEE s.t.

E = Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
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Expansion law for UUU ltlsf3.1-31

The LTL formula χ = ϕUψχ = ϕUψχ = ϕUψ is the least solution of

χ ≡ ψ ∨ (ϕ ∧⃝χ)χ ≡ ψ ∨ (ϕ ∧⃝χ)χ ≡ ψ ∨ (ϕ ∧⃝χ)

i.e., Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) least LT-property EEE s.t.

E = Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}

It even holds that Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) least LT-property EEE s.t.

(1) Words(ψ) ⊆ EWords(ψ) ⊆ EWords(ψ) ⊆ E

(2)
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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The weak until operator WWW ltlsf3.1-weakuntil
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕ
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕ

deriving “always” and “until” from “weak until”:

!ϕ ≡ ?!ϕ ≡ ?!ϕ ≡ ?
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕ

deriving “always” and “until” from “weak until”:

!ϕ ≡ ϕW false!ϕ ≡ ϕW false!ϕ ≡ ϕW false
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕ

deriving “always” and “until” from “weak until”:

!ϕ ≡ ϕW false

ϕUψ ≡ ?

!ϕ ≡ ϕW false

ϕUψ ≡ ?

!ϕ ≡ ϕW false

ϕUψ ≡ ?
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕ

deriving “always” and “until” from “weak until”:

!ϕ ≡ ϕW false

ϕUψ ≡ (ϕ W ψ) ∧ ♦ψ

!ϕ ≡ ϕW false

ϕUψ ≡ (ϕ W ψ) ∧ ♦ψ

!ϕ ≡ ϕW false

ϕUψ ≡ (ϕ W ψ) ∧ ♦ψ
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

=̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅

|= a W b|= a W b|= a W b (even a U ba U ba U b)
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅

|= a W b|= a W b|= a W b (even a U ba U ba U b)
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅

|= a W b|= a W b|= a W b (even a U ba U ba U b)

̸|= a W b̸|= a W b̸|= a W b
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Example: simple communication protocol ltlsf3.1-33

start

try to send

lost delivered
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Example: simple communication protocol ltlsf3.1-33

start

try to send

lost delivered

T ̸|= !(blue −→ blue U delivered)T ̸|= !(blue −→ blue U delivered)T ̸|= !(blue −→ blue U delivered)
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Example: until versus weak until ltlsf3.1-33

start

try to send

lost delivered

T ̸|= !(blue −→ blue U delivered)T ̸|= !(blue −→ blue U delivered)T ̸|= !(blue −→ blue U delivered)

T |= !(blue −→ blue W delivered)T |= !(blue −→ blue W delivered)T |= !(blue −→ blue W delivered)
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Example: until versus weak until ltlsf3.1-33

start

try to send

lost delivered

constrained liveness:

T ̸|= !(blue −→ blue U delivered)T ̸|= !(blue −→ blue U delivered)T ̸|= !(blue −→ blue U delivered)

safety: T |= !(blue −→ blue W delivered)T |= !(blue −→ blue W delivered)T |= !(blue −→ blue W delivered)
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕ

goal: express ¬(ϕUψ)¬(ϕUψ)¬(ϕUψ) via WWW, and vice versa
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ !(ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ !(ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ !(ϕ ∧ ¬ψ)
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕϕ W ψ
def
= (ϕUψ ) ∨ !ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ !(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ !(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ !(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
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Expansion laws for UUU and WWW ltlsf3.1-34
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ?
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ)) smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ)) smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ)) largest
solution
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ)) smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ)) largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ)) smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ)) largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

(1) Words(ψ) ⊆ EWords(ψ) ⊆ EWords(ψ) ⊆ E

(2)
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ)) smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ)) largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

(1) Words(ψ) ⊆ EWords(ψ) ⊆ EWords(ψ) ⊆ E

(2)
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

⇕⇕⇕
Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ)) smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ)) largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ)) smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ)) largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

Words(ϕWψ)Words(ϕWψ)Words(ϕWψ) largest LT-property EEE s.t.
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ)) smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ)) largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

Words(ϕWψ)Words(ϕWψ)Words(ϕWψ) largest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊇ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊇ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊇ E
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ)) smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ)) largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

Words(ϕWψ)Words(ϕWψ)Words(ϕWψ) largest LT-property EEE s.t.

E ⊆ Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E ⊆ Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E ⊆ Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
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Expansion laws for UUU and WWW ltlsf3.1-34a

ϕUψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))
smallest solution

ϕWψ ≡ϕWψ ≡ϕWψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))
largest solution
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Expansion laws for UUU, WWW, ♦♦♦, and """ ltlsf3.1-34a

ϕUψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧⃝(ϕUψ))
smallest solution

♦ψ ≡ ψ ∨ ⃝♦ψ♦ψ ≡ ψ ∨ ⃝♦ψ♦ψ ≡ ψ ∨ ⃝♦ψ
smallest solution

ϕWψ ≡ϕWψ ≡ϕWψ ≡ ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))ψ ∨ (ϕ ∧⃝(ϕWψ))
largest solution

"ϕ ≡"ϕ ≡"ϕ ≡ ϕ ∧⃝"ϕϕ ∧⃝"ϕϕ ∧⃝"ϕ
largest solution

remind: ♦ψ = true Uψ♦ψ = true Uψ♦ψ = true Uψ, "ϕ ≡ ϕW false"ϕ ≡ ϕW false"ϕ ≡ ϕW false
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Positive normal form (PNF) ltlsf3.1-35
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Positive normal form (PNF) ltlsf3.1-35

• negation only on the level of literals

• uses for each operator its dual
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PNF for propositional logic ltlsf3.1-35

• negation only on the level of literals

• uses for each operator its dual

syntax of propositional formulas in PNF:

ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2
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PNF for propositional logic ltlsf3.1-35

• negation only on the level of literals

• uses for each operator its dual

syntax of propositional formulas in PNF:

ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2ϕ ::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

¬true ≡ false¬true ≡ false¬true ≡ false duality of the
constant truth values

¬(ϕ1 ∧ ϕ2) ≡ ¬ϕ1 ∨ ¬ϕ2¬(ϕ1 ∧ ϕ2) ≡ ¬ϕ1 ∨ ¬ϕ2¬(ϕ1 ∧ ϕ2) ≡ ¬ϕ1 ∨ ¬ϕ2 duality of ∨∨∨ and ∧∧∧
(de Morgan’s law)
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

using duality of constants and duality of ∨∨∨ and ∧∧∧
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣∣∣∣∣

⃝ϕ⃝ϕ⃝ϕ +++ dual operator for⃝⃝⃝

using duality of constants and duality of ∨∨∨ and ∧∧∧
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣∣∣∣∣

⃝ϕ⃝ϕ⃝ϕ←←← no new operator needed for ¬⃝¬⃝¬⃝

using duality of constants and duality of ∨∨∨ and ∧∧∧

¬⃝ ϕ ≡ ⃝¬ϕ¬⃝ ϕ ≡ ⃝¬ϕ¬⃝ ϕ ≡ ⃝¬ϕ self-duality of the next operator
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣∣∣∣∣

⃝ϕ⃝ϕ⃝ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Uϕ2 +++ dual operator for UUU

using duality of constants and duality of ∨∨∨ and ∧∧∧

¬⃝ ϕ ≡ ⃝¬ϕ¬⃝ ϕ ≡ ⃝¬ϕ¬⃝ ϕ ≡ ⃝¬ϕ self-duality of the next operator
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LTL in positive normal form (PNF) ltlsf3.1-35a

• negation only on the level of literals

• uses for each operator its dual

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣∣∣∣∣

⃝ϕ⃝ϕ⃝ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Wϕ2

∣∣ ϕ1 Wϕ2

∣∣ ϕ1 Wϕ2

using duality of constants and duality of ∨∨∨ and ∧∧∧

¬⃝ ϕ ≡ ⃝¬ϕ¬⃝ ϕ ≡ ⃝¬ϕ¬⃝ ϕ ≡ ⃝¬ϕ self-duality of the next operator

¬(ϕ1 Uϕ2) ≡ (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)¬(ϕ1 Uϕ2) ≡ (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)¬(ϕ1 Uϕ2) ≡ (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)
duality of UUU and WWW
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Derivation of ♦♦♦ and """ in LTL-PNF ltlsf3.1-35b

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣

⃝ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Wϕ2⃝ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Wϕ2⃝ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Wϕ2
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Derivation of ♦♦♦ and """ in LTL-PNF ltlsf3.1-35b

ϕϕϕ ::=::=::= true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣true
∣∣ false

∣∣ a
∣∣ ¬a

∣∣ ϕ1 ∧ ϕ2

∣∣ ϕ1 ∨ ϕ2

∣∣

⃝ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Wϕ2⃝ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Wϕ2⃝ϕ
∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Wϕ2

∣∣ ♦ϕ
∣∣ "ϕ

∣∣ ♦ϕ
∣∣ "ϕ

∣∣ ♦ϕ
∣∣ "ϕ

♦♦♦ and """ can (still) be derived:

♦ϕ♦ϕ♦ϕ def
=
def
=def
= true Uϕtrue Uϕtrue Uϕ

"ϕ"ϕ"ϕ def
=
def
=def
= ϕW falseϕW falseϕW false
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Universality of LTL-PNF ltlsf3.1-36
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Universality of LTL-PNF ltlsf3.1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF
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Universality of LTL-PNF ltlsf3.1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ϕϕϕ### LTL formula in PNF ϕ′ϕ′ϕ′

by successive application of the following rules:
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Universality of LTL-PNF ltlsf3.1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ϕϕϕ### LTL formula in PNF ϕ′ϕ′ϕ′

by successive application of the following rules:

¬true¬true¬true ### falsefalsefalse
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2

¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)
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Universality of LTL-PNF ltlsf3.1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ϕϕϕ### LTL formula in PNF ϕ′ϕ′ϕ′

by successive application of the following rules:

¬true¬true¬true ### falsefalsefalse
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2

¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)

exponential-blow up is possible
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Example: LTL ### LTL-PNF ltlsf3.1-37

¬true¬true¬true ### falsefalsefalse
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2

¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)
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Example: LTL ### LTL-PNF ltlsf3.1-37

¬true¬true¬true ### falsefalsefalse +++ analogue rule for ¬false¬false¬false
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2 +++ analogue rule for ¬∨¬∨¬∨
¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)

235 / 416



Example: LTL ### LTL-PNF ltlsf3.1-37

¬true¬true¬true ### falsefalsefalse +++ analogue rule for ¬false¬false¬false
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2 +++ analogue rule for ¬∨¬∨¬∨
¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)

¬♦ϕ¬♦ϕ¬♦ϕ ### "¬ϕ"¬ϕ"¬ϕ ¬"ϕ¬"ϕ¬"ϕ ### ♦¬ϕ♦¬ϕ♦¬ϕ
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Example: LTL ### LTL-PNF ltlsf3.1-37

¬true¬true¬true ### falsefalsefalse +++ analogue rule for ¬false¬false¬false
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2 +++ analogue rule for ¬∨¬∨¬∨
¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)

¬♦ϕ¬♦ϕ¬♦ϕ ### "¬ϕ"¬ϕ"¬ϕ ¬"ϕ¬"ϕ¬"ϕ ### ♦¬ϕ♦¬ϕ♦¬ϕ
¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)
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Example: LTL ### LTL-PNF ltlsf3.1-37

¬true¬true¬true ### falsefalsefalse +++ analogue rule for ¬false¬false¬false
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2 +++ analogue rule for ¬∨¬∨¬∨
¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)

¬♦ϕ¬♦ϕ¬♦ϕ ### "¬ϕ"¬ϕ"¬ϕ ¬"ϕ¬"ϕ¬"ϕ ### ♦¬ϕ♦¬ϕ♦¬ϕ
¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)

≡≡≡ ♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c) ←←← duality of ♦♦♦ and """
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Example: LTL ### LTL-PNF ltlsf3.1-37

¬true¬true¬true ### falsefalsefalse +++ analogue rule for ¬false¬false¬false
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2 +++ analogue rule for ¬∨¬∨¬∨
¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)

¬♦ϕ¬♦ϕ¬♦ϕ ### "¬ϕ"¬ϕ"¬ϕ ¬"ϕ¬"ϕ¬"ϕ ### ♦¬ϕ♦¬ϕ♦¬ϕ
¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)

≡≡≡ ♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c) ←←← duality of ♦♦♦ and """
≡≡≡ ♦(¬(a U b) ∧ ¬⃝c)♦(¬(a U b) ∧ ¬⃝c)♦(¬(a U b) ∧ ¬⃝c) ←←← duality of ∧∧∧ and ∨∨∨
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Example: LTL ### LTL-PNF ltlsf3.1-37

¬true¬true¬true ### falsefalsefalse +++ analogue rule for ¬false¬false¬false
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2 +++ analogue rule for ¬∨¬∨¬∨
¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)

¬♦ϕ¬♦ϕ¬♦ϕ ### "¬ϕ"¬ϕ"¬ϕ ¬"ϕ¬"ϕ¬"ϕ ### ♦¬ϕ♦¬ϕ♦¬ϕ
¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)

≡≡≡ ♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c) ←←← duality of ♦♦♦ and """
≡≡≡ ♦(¬(a U b) ∧ ¬⃝c)♦(¬(a U b) ∧ ¬⃝c)♦(¬(a U b) ∧ ¬⃝c) ←←← duality of ∧∧∧ and ∨∨∨

≡≡≡ ♦(¬(a U b) ∧ ⃝¬c)♦(¬(a U b) ∧ ⃝¬c)♦(¬(a U b) ∧ ⃝¬c) ←←← self-duality of⃝⃝⃝
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Example: LTL ### LTL-PNF ltlsf3.1-37

¬true¬true¬true ### falsefalsefalse +++ analogue rule for ¬false¬false¬false
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2 +++ analogue rule for ¬∨¬∨¬∨
¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)

¬♦ϕ¬♦ϕ¬♦ϕ ### "¬ϕ"¬ϕ"¬ϕ ¬"ϕ¬"ϕ¬"ϕ ### ♦¬ϕ♦¬ϕ♦¬ϕ
¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)

≡≡≡ ♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c) ←←← duality of ♦♦♦ and """
≡≡≡ ♦(¬(a U b) ∧ ¬⃝c)♦(¬(a U b) ∧ ¬⃝c)♦(¬(a U b) ∧ ¬⃝c) ←←← duality of ∧∧∧ and ∨∨∨

≡≡≡ ♦((¬b) W(¬a ∧ ¬b) ∧ ⃝¬c)♦((¬b) W(¬a ∧ ¬b) ∧ ⃝¬c)♦((¬b) W(¬a ∧ ¬b) ∧ ⃝¬c)←←← duality of UUU and WWW
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Example: LTL ### LTL-PNF ltlsf3.1-37

¬true¬true¬true ### falsefalsefalse +++ analogue rule for ¬false¬false¬false
¬¬ϕ¬¬ϕ¬¬ϕ ### ϕϕϕ
¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2)¬(ϕ1 ∧ ϕ2) ### ¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2¬ϕ1 ∨ ¬ϕ2 +++ analogue rule for ¬∨¬∨¬∨
¬⃝ ϕ¬⃝ ϕ¬⃝ ϕ ### ⃝¬ϕ⃝¬ϕ⃝¬ϕ
¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2)¬(ϕ1 Uϕ2) ### (¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)(¬ϕ2) W(¬ϕ1 ∧ ¬ϕ2)

¬♦ϕ¬♦ϕ¬♦ϕ ### "¬ϕ"¬ϕ"¬ϕ ¬"ϕ¬"ϕ¬"ϕ ### ♦¬ϕ♦¬ϕ♦¬ϕ
¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)¬"((a U b) ∨ ⃝c)

≡≡≡ ♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c)♦¬((a U b) ∨ ⃝c)

≡≡≡ ♦(¬(a U b) ∧ ¬⃝c)♦(¬(a U b) ∧ ¬⃝c)♦(¬(a U b) ∧ ¬⃝c)

≡≡≡ ♦((¬b) W(¬a ∧ ¬b) ∧ ⃝¬c)♦((¬b) W(¬a ∧ ¬b) ∧ ⃝¬c)♦((¬b) W(¬a ∧ ¬b) ∧ ⃝¬c)←−←−←− PNF
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