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Topics

e Recursive definition of the Sat set

Minimum fixpoint based algorithm to calculate the Sat of Exist Until

Maximum fixpoint based algorithm to calculate the Sat of Exist Box

e Examples

Complexity of CTL model checking

Material
Reading:

Chapter 6 of the book: Section 6.4

More:

The slides in the following pages are taken from the material of the course “Introduction to Model Check-
ing” held by Prof. Dr. Ir. Joost-Pieter Katoen at Aachen University.
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CTL model checking CTIMCA 31

given: finite TS T = (S, Act, —, So, AP, L)
CTL formula ® over AP
question: does T |= ® hold ?
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CTL model checking CTIMCA 31

given: finite TS T = (S, Act, —, So, AP, L)
CTL formula ® over AP
question: does T = ® hold ?
idea:
e compute Sat(®) ={s€ S:s | o}
e check whether Sy C Sat(®)

3/454



CTL model checking CTIMCA 31

given: finite TS T = (S, Act, —, So, AP, L)
CTL formula ® over AP
question: does T |= ® hold ?

FOR ALL subformulas ¥ of ® DO
compute Sat(WV)

0D
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CTL model checking CTIMCA 31

given: finite TS T = (S, Act, —, So, AP, L)
CTL formula ® over AP

tion: does T = ® hold ? -
question: does T |= & ho inner subformulas first

/

FOR ALL subformulas W of ¢ DO
compute Sat(WV)

0D
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CTL model checking CTIMCA 31

given:

finite TS T = (S, Act, —, So, AP, L)
CTL formula ® over AP

tion: does T = ® hold ? -
question: does T |= & ho inner subformulas first

/

0D

FOR ALL subformulas ¥ of ® DO

compute Sat(WV)
replace W by a new atomic proposition ay
FOR ALL s € Sat(W) DO add ay to L(s) OD
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CTL model checking CTIMCA 31

given: finite TS T = (S, Act, —, So, AP, L)
CTL formula ® over AP

tion: does T = ® hold ? -
question: does T |= & ho inner subformulas first

/

FOR ALL subformulas W of ® DO
compute Sat(WV)
replace W by a new atomic proposition ay

FOR ALL s € Sat(W) DO add ay to L(s) OD
0D

IF Sp C Sat(®) THEN output “yes”
ELSE output “no”

FI
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Example: CTL model checking
= 3JOa Vv I(bU~c)
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Example: CTL model checking
= 3JOa Vv I(bU~c)

syntax tree for ®
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Example: CTL model checking
= 3JOa Vv I(bU~c)

tax tree for ®
syntax tree for compute Sat(a), Sat(b), Sat(c)

processed in
bottom-up fashion
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Example: CTL model checking

= 3JOa Vv I(bU~c)
N——
O]

syntax tree for ®

compute Sat(a), Sat(b), Sat(c)
Sat(<I>1) =...

processed in
bottom-up fashion
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Example: CTL model checking

= 3JOa Vv I(bU~c)
N——
O]

syntax tree for ®

compute Sat(a), Sat(b), Sat(c)
Sat(<I>1) =...
Sat(—c) = S\ Sat(c)

processed in
bottom-up fashion
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Example: CTL model checking

= 3JOa Vv I(bU~c)
N—— ——
O] b,

tax tree for ®
syntax tree for compute Sat(a), Sat(b), Sat(c)

Sat(<I>1) =...
¢, @O @AW P Sat(-c) = S\ Sat(c)
Sat(¢2) =...

processed in
bottom-up fashion
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Example: CTL model checking

= 3JOa Vv I(bU~c)
N—— ——
O] b,

tax tree for ®
syntax tree for compute Sat(a), Sat(b), Sat(c)

Sat(<I>1) =...
¢, @O @AW P Sat(-c) = S\ Sat(c)
Sat(¢2) =...

replace ®; with a;
replace ®, with a,

processed in
bottom-up fashion
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Example: CTL model checking

o= 3J0Oa vIbU-c) ~ aVa
N—— ——
P, P,

syntax tree for ®

compute Sat(a), Sat(b), Sat(c)

Sat(®1) = ... = Sat(a;)
Sat(—c) = S\ Sat(c)
Sat(®,) = ... = Sat(ay)

replace ®; with a;
replace ®, with a,

processed in
bottom-up fashion
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Example: CTL model checking

o= 3J0Oa vIbU-c) ~ aVa
N—— ——
P, P,

syntax tree for ®

compute Sat(a), Sat(b), Sat(c)

Sat(®1) = ... = Sat(a;)
Sat(—c) = S\ Sat(c)
Sat(®y) = ... = Sat(ay)

replace ®; with a;
replace ®, with a,

processed in Sat(®d) = Sat U Sat
bottom-up fashion at(®) = Sat(a1) U Sat(,)
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CTL model checking

given: finite TS T = (S, Act, —, Sp, AP, L)
CTL formula ® over AP
question: does T = ® hold ?

method: regard in bottom-up manner all subformulas
W of ® and compute their satisfaction sets

Sat(V) = {se€S:sfEV}
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CTL model checking

given: finite TS T = (S, Act, —, Sp, AP, L)
CTL formula ® over AP
question: does T = ® hold ?

method: regard in bottom-up manner all subformulas
W of ® and compute their satisfaction sets

Sat(V) = {se€S:sfEV}

here: explanations for the case that ® is
in existential normal form

analogous algorithms can be designed for standard CTL
(and the derived operators)
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Recall: Existential normal form for CTL

For each CTL formula there is an equivalent
formula in 3-normal form, i.e., a CTL formula

with the basis modalities 30), 3U, J00.
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Recall: Existential normal form for CTL

For each CTL formula there is an equivalent
formula in 3-normal form, i.e., a CTL formula
with the basis modalities 30), 3U, J00.

CTL formulas in 3-normal form:
V = true | a | =) | V; AV, |
A0V | I(wuwy) | 30OW
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Recall: Existential normal form for CTL

For each CTL formula there is an equivalent
formula in 3-normal form, i.e., a CTL formula
with the basis modalities 30), 3U, J00.

CTL formulas in 3-normal form:
V = true | a | =) | V; AV, |
A0V | I(wuwy) | 30OW

CTL formula ~ CTL formula in 3-normal form

VO® ~ =30~
V(‘Dl U ¢2) A~ —-EI(—-¢2 U(—lq)l A —|¢2)) A 30—,

454



Recursive computation of the satisfaction sets ...
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Recursive computation of the satisfaction sets ...

Sat(true) =S
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Recursive computation of the satisfaction sets ...

c4.3-4

Sat(true)
Sat(a)

=S
={seS:ael(s)}
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Recursive computation of the satisfaction sets ...

Sat(true)
Sat(a)
Sat(—P)

=S
={seS:ael(s)}
= 5§\ Sat(d)
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Recursive computation of the satisfaction sets ...

Sat(true) =S
Sat(a) ={seS:ael(s)}
Sat(—P) = S\ Sat(®)

Sat(d>1/\¢2) = Sat(¢1) N Sat(¢2)
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Recursive computation of the satisfaction sets ...

Sat(true) =S

Sat(a) ={seS:ael(s)}
Sat(—P) = S\ Sat(®)
Sat(P1ADP,) = Sat(®;) N Sat(P,)

Sat(A0P) = {s € S : Post(s) N Sat(®) # &}
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Recursive computation of the satisfaction sets ...

Sat(true) =S

Sat(a) ={seS:ael(s)}

Sat(—®) = S\ Sat(®)

Sat(P1ADP,) = Sat(®;) N Sat(P,)

Sat(3OP) = {s € S : Post(s) N Sat(®) # &}
Sat(3(P; Udy)) =

Sat(3000) -

treatment of dU and dLI:
via fixed point computation
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Recall: expansion law for JU

A(D1Ud,) = &,V (&1 AFOI(P1 U D))
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Recall: expansion law for JU

A(D1Ud,) = &,V (&1 AFOI(P1 U D))

Sat(3(¢1 U ¢2)) = Sat(¢2) U
{s € Sat(®;) : Post(s) N Sat(I(®, U ,)) # &}
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Fixed point characterization of JU

(P, Ud,) = &,V (01 AIOI(01U D))

Sat(EI(¢1 U ¢2)) = Sat(¢2) U
{s € Sat(®;) : Post(s) N Sat(I(®, U ,)) # &}

i.e., the set T = Sat(3(P, U P,)) is a fixed point

of the higher-order function Q : 2° — 2° given by:
Q(T) = Sat(®,) U {s € Sat(®;) : Post(s)N T # &}
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Fixed point characterization of JU

(P, Ud,) = &,V (01 AIOI(01U D))

Sat(3(¢1 U ¢2)) = Sat(¢2) U
{s € Sat(®;) : Post(s) N Sat(I(®, U ,)) # &}
satisfies the following conditions:

(1) Sat(¢2) - Sat(EI(<D1 U ¢2))

(2) If s € Sat(®,) and Post(s) N Sat(I(P, U P,)) # @
then s € Sat(EI(Cbl U ¢2))
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Least fixed point characterization of JU

A(D1Ud,) = &,V (&1 AFOI(P1 U D))

Sat(3(®1 U d,)) = Sat(P,) U

{s € Sat(®;) : Post(s) N Sat(I(®, U ,)) # &}
satisfies the following conditions:
(1) Sat(®,) C Sat(I(P1 U d,))

(2) If s € Sat(®,) and Post(s) N Sat(I(P, U P,)) # @
then s € Sat(EI(Cbl U ¢2))

Sat(I(P1UP,)) is the smallest set s.t. (1) and (2) hold
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The always operator
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The always operator

Sat(3OP) = greatest set V of states s.t.
V C {s € Sat(®) : Post(s) NV # &}
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Greatest fixed point characterization of 00  ......

Sat(3OP) = greatest set V of states s.t.
V C {s € Sat(®) : Post(s) NV # &}

i.e., Sat(30®P) is the greatest fixed point of
the operator Q : 2° — 2° given by:

Q(V) = {s e Sat(P): Post(s) NV # &}
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Greatest fixed point characterization of 00  ......

Sat(3OP) = greatest set V of states s.t.
V C {s € Sat(®) : Post(s) NV # &}

i.e., Sat(30®P) is the greatest fixed point of
the operator Q : 2° — 2° given by:

Q(V) = {s e Sat(P): Post(s) NV # &}
o

S1
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Greatest fixed point characterization of 00  ......

Sat(300P) = greatest set V of states s.t.
(*) vc {s € Sat(®) : Post(s)NV # g}

i.e., Sat(30®P) is the greatest fixed point of
the operator Q : 2° — 2° given by:

Q(V) = {s e Sat(P): Post(s) NV # &}
o
V = {sp} satisfies (*)

S1

2
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Greatest fixed point characterization of 00  ......

Sat(300P) = greatest set V of states s.t.
(*) vc {s € Sat(®) : Post(s)NV # g}

i.e., Sat(30®P) is the greatest fixed point of
the operator Q : 2° — 2° given by:

Q(V) = {s e Sat(P): Post(s) NV # &}

So

V = {sp} satisfies (*)
S1
V ¢ Sat(300a) = {so, 51}

2
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Until versus weak until OTLMOA.3-7
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Until versus weak until OTLMOA.3-7

The formulas W = 3(®; U d,) and ¥ = J(d; W )
fulfill the expansion law

Vv = ¢,V (¢1 A QOW)
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Until versus weak until OTLMOA.3-7

The formulas W = 3(®; U d,) and ¥ = J(d; W )
fulfill the expansion law

Vv = ¢,V (¢1 A E'OW)

until: Sat(3(P; U P,)) = smallest set T of states s.t.
Sat(®,) U {s € Sat(®1) : Post(s)N T #S}C T
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Until versus weak until OTLMOA.3-7

The formulas W = 3(®; U d,) and ¥ = J(d; W )
fulfill the expansion law

Vv = ¢,V (¢1 AE'OW)

until: Sat(3(P; U P,)) = smallest set T of states s.t.
Sat(®y) U {s € Sat(®,) : Post(s)yN T #2}C T

weak until: Sat(3(P; W D,)) = greatest set V s.t.
Sat(®2) U {s € Sat(®;) : Post(s) NV £} DV
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Fixed point equations for JU CTIMCA 36

Sat(3(aU b)) = smallest set of states T s.t.
(*) Sat(b)U {s € Sat(a): Post(s)\NT #@}C T
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Fixed point equations for JU CTIMCA 36

Sat(3(aU b)) = smallest set of states T s.t.
(*) Sat(b)U {s € Sat(a): Post(s)\NT #@}C T

S1 H

S3

45/ 454



Fixed point equations for 43U and 3W CTIMCA 36

Sat(3(aU b)) = smallest set of states T s.t.
(*) Sat(b)U {s € Sat(a): Post(s)\NT #@}C T

T = {so, 51,5} satisfies (*)
S1 2
53
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Fixed point equations for 43U and 3W CTIMCA 36

Sat(3(aU b)) = smallest set of states T s.t.
(*) Sat(b)U {s € Sat(a): Post(s)\NT #@}C T

T = {s0, 51, 52} satisfies (*)
( Sat(I(aUb)) ={s0, 2} C T
1

S3
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Fixed point equations for 43U and 3W CTIMCA 36

Sat(3(aU b)) = smallest set of states T s.t.
(*) Sat(b)U {s € Sat(a): Post(s)\NT #@}C T

Sat(3(aW b)) = greatest set of states V s.t.
(**) V C Sat(b)U{s € Sat(a) : Post(s) NV # &}

T = {so, 51,5} satisfies (*)
Sat(A(aUh) = {s0, 5} € T

So

S1

S3
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Fixed point equations for 43U and 3W CTIMCA 36

Sat(3(aU b)) = smallest set of states T s.t.
(*) Sat(b)U {s € Sat(a): Post(s)\NT #@}C T

Sat(3(aW b)) = greatest set of states V s.t.
(**) V C Sat(b)U{s € Sat(a) : Post(s) NV # &}

T = {so, 51,5} satisfies (*)
Sat(A(aUh) = {s0, 5} € T

So
51
V = {s, 5»} satisfies (**)
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Fixed point equations for 43U and 3W CTIMCA 36

Sat(3(aU b)) = smallest set of states T s.t.
(*) Sat(b)U {s € Sat(a): Post(s)\NT #@}C T

Sat(3(aW b)) = greatest set of states V s.t.
(**) V C Sat(b)U{s € Sat(a) : Post(s) NV # &}

T = {so, 51,5} satisfies (*)
Sat(A(aUh) = {s0, 5} € T

So

51 )
V = {s9, 52} satisfies (**), but
V € Sat(3(aW b)) = {so, 51, %2}

50 / 454
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Universally quantified formulas CTLMEA 310
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Universally quantified formulas CTLMEA 310

Sat(VQa) = {s € S : Post(s) C Sat(a)}
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Universally quantified formulas CTLMEA 310

Sat(VQa) = {s € S : Post(s) C Sat(a)}

AN
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Universally quantified formulas CTLMEA 310

Sat(VQa) = {s € S : Post(s) C Sat(a)}
o%.
Sat(VOa) = greatest set T of states s.t.
T C {s € Sat(a) : Post(s) C T}
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Universally quantified formulas CTLMEA 310

Sat(VQa) = {s € S : Post(s) C Sat(a)}
o%.
Sat(VOa) = greatest set T of states s.t.
T C {s € Sat(a) : Post(s) C T}

Sat(V(aU b)) = smallest set T of states s.t.
Sat(b)U {s € Sat(a) : Post(s) C T} C T
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Recursive computation of Sat(...) CTined.3-8
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Recursive computation of Sat(...) CTined.3-8
Sat(P1AD,) = Sat(P;) N Sat(P,)
Sat(—P) = S\ Sat(®P)
Sat(30P) = {s € S: Post(s) N Sat(®) = &}
Sat(3(P1 U D,)) = smallest set T of states s.t.

° Sat(<b2) CcCT
o s¢€ Sat(®y) and Post(s)NT#Q = se€ T

Sat(A0P) = greatest set V of states s.t.

° VQSat(cb)
e secV = Post(s) NV #£2
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CTL model checking: until operator CTLMCA 312
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CTL model checking: until operator CTLMCA 312

El(q)l U ¢2) = ¢2 \ (¢1 A ElOEl(q)]_ U ¢2))

Sat(3(P1 U P,)) = least set T of states s.t.
Sat(®) U {s € Sat(®y) : Post(s) N T #@} C T
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CTL model checking: until operator CTLMCA 312

El(q)l U ¢2) = ¢2 \ (¢1 A ElOEl(q)]_ U ¢2))

Sat(3(P1 U P,)) = least set T of states s.t.
Sat(®) U {s € Sat(®y) : Post(s) N T #@} C T

To := Sat(d)g)
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CTL model checking: until operator CTLMCA 312

El(q)l U ¢2) = ¢2 V (¢1 A ElOEl(q)]_ U ¢2))

Sat(3(P1 U P,)) = least set T of states s.t.
Sat(®) U {s € Sat(®y) : Post(s) N T #@} C T

To := Sat(d)g)

Tor1 == ToU {s € Sat(®,) : Post(s)N T, # &}
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CTL model checking: until operator CTLMCA 312

El(q)l U ¢2) = ¢2 V (¢1 A ElOEl(q)]_ U ¢2))

Sat(3(P1 U P,)) = least set T of states s.t.
Sat(®) U {s € Sat(®y) : Post(s) N T #@} C T

To := Sat(q)g)

1éo o o

Tor1 == ToU {s € Sat(®,) : Post(s)N T, # &}
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CTL model checking: until operator CTLMCA 312

El(q)l U ¢2) = ¢2 V (¢1 A ElOEl(q)]_ U ¢2))

Sat(3(P1 U P,)) = least set T of states s.t.
Sat(®) U {s € Sat(®y) : Post(s) N T #@} C T

o
-—.«T
—@® To := Sat(q)g)
R
I

Tor1 == ToU {s € Sat(®,) : Post(s)N T, # &}
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CTL model checking: until operator CTLMCA 312

El(q)l U ¢2) = ¢2 \ (¢1 A ElOEl(q)]_ U ¢2))

Sat(3(P1 U P,)) = least set T of states s.t.
Sat(®) U {s € Sat(®y) : Post(s) N T #@} C T

riyy

Sat(EI(¢1 U ¢2))
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CTL model checking: until operator CTLMCA 312

El(q)l U ¢2) = ¢2 \ (¢1 A ElOEl(q)]_ U ¢2))

Sat(3(P1 U P,)) = least set T of states s.t.
Sat(®) U {s € Sat(®y) : Post(s) N T #@} C T

riyy

Sat(EI(¢1 U ¢2))
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Example: until operator

cTLmc4.3-13

o= {a}
@= {b}
0= o
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Example: until operator

@= {h}
O=9

computation of Sat(3(aU b))
add all states s € Sat(b) to T
as long as there are unprocessed states in T:

e choose such astatese T
e add all states s’ € Pre(s)N Sat(a) to T
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Example: until operator

@= {h}
O=9

computation of Sat(3(aU b))
add all states s € Sat(b) to T
as long as there are unprocessed states in T:

e choose such astatese T
e add all states s’ € Pre(s)N Sat(a) to T
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Example: until operator

@= {h}
O=9

computation of Sat(3(aU b))
add all states s € Sat(b) to T
as long as there are unprocessed states in T:

e choose such astatese T
e add all states s’ € Pre(s)N Sat(a) to T
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Example: until operator

@= {h}
O=9

computation of Sat(3(aU b))
add all states s € Sat(b) to T
as long as there are unprocessed states in T:

e choose such astatese T
e add all states s’ € Pre(s)N Sat(a) to T
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Example: until operator

@= {h}
O=9

computation of Sat(3(aU b))
add all states s € Sat(b) to T
as long as there are unprocessed states in T:

e choose such astatese T
e add all states s’ € Pre(s)N Sat(a) to T
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Example: until operator

@= {h}
O=9

computation of Sat(3(aUb)) = T
add all states s € Sat(b) to T
as long as there are unprocessed states in T:

e choose such astatese T
e add all states s’ € Pre(s)N Sat(a) to T
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CTL model checking: treatment of JU CTiMCA 314
compute Sat(3(P; U P,)) via an

enumerative backward search
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CTL model checking: treatment of JU CTiMCA 314
compute Sat(3(P; U P,)) via an

enumerative backward search

T := Sat(®y) «—

collects all states s |= 3(P; U ®5)
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CTL model checking: treatment of JU CTiMCA 314
compute Sat(3(P; U P,)) via an

enumerative backward search

T := Sat(®y) «—
E := Sat(®y) «—

collects all states s |= 3(P; U ®5)

set of states still to be expanded
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CTL model checking: treatment of JU CTiMCA 314
compute Sat(3(P; U P,)) via an

enumerative backward search

T := Sat(®y) «—
E := Sat(®;) «—
WHILE E # @ DO

collects all states s |= 3(P; U ®5)

set of states still to be expanded
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CTL model checking: treatment of JU CTiMCA 314
compute Sat(3(P; U P,)) via an

enumerative backward search

T := Sat(®,) «—|collects all states s = 3(P1 U )
E := Sat(®,) «—|set of states still to be expanded

WHILE E 75 < DO
select a state s’ € E and remove s’ from E
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CTL model checking: treatment of JU CTiMCA 314
compute Sat(3(P; U P,)) via an

enumerative backward search

T := Sat(®y) «—
E := Sat(®;) «—
WHILE E # @ DO

collects all states s |= 3(P; U ®5)

set of states still to be expanded

select a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
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CTL model checking: treatment of JU CTiMCA 314

compute Sat(3(P; U P,)) via an
enumerative backward search

T := Sat(®,) «—|collects all states s = 3(P1 U )

E := Sat(®,) «—|set of states still to be expanded

WHILE E 75 < DO
select a state s’ € E and remove s’ from E

FOR ALL s € Pre(s’) DO
IF s € Sat(®1) \ T THEN add sto T and E FI

0D
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CTL model checking: treatment of JU CTiMCA 314

compute Sat(3(P; U P,)) via an
enumerative backward search

T := Sat(®,) «—|collects all states s = 3(P1 U )
E := Sat(®,) «—|set of states still to be expanded

WHILE E # @ DO
select a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF s € Sat(®1) \ T THEN add sto T and E FI
D

0D

return T
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CTL model checking: treatment of JU CTiMCA 314

compute Sat(3(P; U P,)) via an
enumerative backward search

T := Sat(®y) «—
E := Sat(®;) «—
WHILE E # @ DO

0D
0D

return T

collects all states s |= 3(P; U ®5)

set of states still to be expanded

select a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF s € Sat(®1) \ T THEN add sto T and E FI

complexity: O(size(T))
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CTL model checking: always operator
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CTL model checking: always operator

expansion law: 300 = & A JOIOP

Sat(I0O0P) = greatest set T of states with
T C {s € Sat(®): Post(s)N T # @}
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CTL model checking: always operator

expansion law: 300 = & A JOIOP

Sat(I0O0P) = greatest set T of states with
T C {s € Sat(®): Post(s)N T # @}

To:= Sat(®), Tp1:={s€ T,:Post(s)NT,+# 2}

N
Sat(®) QD.%?:
J

84 /454



CTL model checking: always operator

expansion law: 300 = & A JOIOP

Sat(I0O0P) = greatest set T of states with
T C {s € Sat(®): Post(s)N T # @}

To:= Sat(®), Tp1:={s€ T,:Post(s)NT,+# 2}

N

/.———

Sat(®) Q> /‘<:
J
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CTL model checking: always operator

expansion law: 300 = & A JOIOP

Sat(I0O0P) = greatest set T of states with
T C {s € Sat(®): Post(s)N T # @}

To:= Sat(®), Tp1:={s€ T,:Post(s)NT,+# 2}

N
% .——>
Sat(®) Q;§ A
( 4
J

e
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CTL model checking: always operator

expansion law: 300 = & A JOIOP

Sat(I0O0P) = greatest set T of states with
T C {s € Sat(®): Post(s)N T # @}

To:= Sat(®), Tp1:={s€ T,:Post(s)NT,+# 2}

N
o 5./0—

Sat(®) Q> ot
J

o« /)
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CTL model checking: always operator

expansion law: 300 = & A JOIOP

Sat(I0O0P) = greatest set T of states with
T C {s € Sat(®): Post(s)N T # @}

To:= Sat(®), Tp1:={s€ T,:Post(s)NT,+# 2}

N
o 5./0—

Sat(®) QJ ot
J

o« /)
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Computation of Sat(300P) CTinCA 3 184

T := Sat(®) «| organizes the candidates for s |= 300®
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Computation of Sat(300P) CTinCA 3 184

T := Sat(®) «| organizes the candidates for s |= 300®
E: =S\ T « setof states to be expanded
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Computation of Sat(300P) CTinCA 3 184

T := Sat(®) «| organizes the candidates for s |= 300®
E: =S\ T « setof states to be expanded

WHILE E # @ DO
pick a state s’ € E and remove s’ from E

0D
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Computation of Sat(300P) CTinCA 3 184

T := Sat(®) «| organizes the candidates for s |= 300®
E: =S\ T « setof states to be expanded

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO

0D
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Computation of Sat(300P) CTinCA 3 184

T := Sat(®) «| organizes the candidates for s |= 300®
E: =S\ T « setof states to be expanded

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO

IF s€ T and Post(s)NT =@ THEN
remove s from T and add s to E

FI
0D
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CTLMC4.3-18

Computation of Sat(300P)

T := Sat(®) «| organizes the candidates for s |= 300®

E: =S\ T <« setof states to be expanded
WHILE E # @ DO
pick a state s’ € E and remove s’ from E

FOR ALL s € Pre(s’) DO
IF s€ T and Post(s)NT =@ THEN

remove s from T and add s to E

FI
0D

return T
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CTLMC4.3-18

Computation of Sat(300P)

T := Sat(®) «| organizes the candidates for s |= 300®

E: =S\ T <« setof states to be expanded
WHILE E # @ DO
pick a state s’ € E and remove s’ from E

FOR ALL s € Pre(s’) DO
IF s€ T and| Post(s)N T = @& | THEN

remove s from T and add s to E

FI
0D

return T
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Computation of Sat(300P) CTINCA318

T := Sat(®) «| organizes the candidates for s |= 300®
E: =S\ T « setof states to be expanded

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF s€ T and| Post(s)N T = @& | THEN

- remove s from T and add s to E
0D

return T

naive implementation:
quadratic time complexity
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Computation of Sat(300P) CTINCA318

T := Sat(®) «| organizes the candidates for s |= 300®
E: =S\ T « setof states to be expanded

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF s€ T and| Post(s)N T = @& | THEN

- remove s from T and add s to E

0D linear time implementation:
return T uses counters c[s]
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Computation of Sat(300P) CTINCA318

T := Sat(®) «| organizes the candidates for s |= 300®
E: =S\ T « setof states to be expanded

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF s€ T and| Post(s)N(TUE) =@ | THEN

remove s from T and add s to E

FI
0D linear time implementation:
return T uses counters c[s] for
|Post(s) N (T U E)|
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Computation of Sat(300P) using counters i
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Computation of Sat(300P) using counters i
T :=Sat(®); E:=S\T

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO

IF s€ T and Post(s)N(TUE)=a THEN

- remove s from T and add s to E

0D
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Computation of Sat(300P) using counters i
T :=Sat(®); E:=S\T

use counters c[s] for |Post(s) N (T U E))|

WHILE E # @& DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO

IF s€ T and Post(s)N(TUE)=a THEN

- remove s from T and add s to E

0D
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Computation of Sat(300P) using counters i

T :=Sat(®); E:=S\T
FOR ALL s € Sat(®) DO cls| := |Post(s)| 0D

use counters c[s] for |Post(s) N (T U E))|

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO

IF s€ T and Post(s)N(TUE)=a THEN

- remove s from T and add s to E

0D
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Computation of Sat(300P) using counters i

T :=Sat(®); E:=S\T
FOR ALL s € Sat(®) DO c[s| := |Post(s)| 0D

loop invariant: c[s| = |Post(s)N(TUE)| forse T

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO

IF s€ T and Post(s)N(T UE) = THEN

- remove s from T and add s to E

0D
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Computation of Sat(300P) using counters i

T :=Sat(®); E:=S\T
FOR ALL s € Sat(®) DO c[s| := |Post(s)| 0D

loop invariant: c[s| = |Post(s)N(TUE)| forse T

WHILE E # @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO

IF seT andWTHEN

- remove s from T and add s to E

0D
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Computation of Sat(300P) using counters i

T :=Sat(®); E:=S\T
FOR ALL s € Sat(®) DO c[s| := |Post(s)| 0D

loop invariant: c[s| = |Post(s)N(TUE)| forse T

WHILE E 76 @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF se€ T THEN
cl[s] :==c[s] -1
IF c[s] =0 THEN
remove s from T and add s to E FI

FI
0D
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Computation of Sat(300P) using counters i

T :=Sat(®); E:=S\T
FOR ALL s € Sat(®) DO c[s| := |Post(s)| 0D

loop invariant: c[s| = |Post(s)N(TUE)| forse T

WHILE E 76 @ DO
pick a state s’ € E and remove s’ from E
FOR ALL s € Pre(s’) DO
IF se€ T THEN
cl[s] :==c[s] -1
IF c[s] =0 THEN
remove s from T and add s to E FI

complexity:

O(size(7))

FI
0D
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Example: CTL model checking for J[] CTIMEA 317

computation of T = Sat(30blue)
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Example: CTL model checking for J[] CTIMEA 317

computation of T = Sat(30blue)
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Example: CTL model checking for J[] CTIMEA 317

computation of T = Sat(30blue)

1X 21
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Example: CTL model checking for J[] CTIMEA 317

computation of T = Sat(30blue)

1X X0
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Example: CTL model checking for J[] CTIMEA 317

computation of T = Sat(30blue)

1X X0
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Example: CTL model checking for J[] CTIMEA 317

computation of T = Sat(30blue)

21

1X X0
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Example: CTL model checking for J[] CTIMEA 317

computation of T = Sat(30blue)
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Recursive computation of satisfaction sets ...

case ¢ is

true:

a e AP:
-¢:

¢1 A ¢22
30 ®:
3(¢1 U ¢2)Z

d00o:

return S

return {s € S: a € L(s)}

return S\ Sat(®)

return Sat(®;) N Sat(P,)

return {s € S: Post(s) N Sat(®) # &}
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Recursive computation of satisfaction sets ...

case ¢ is

true:

a e AP:
-¢:

¢1 A ¢2Z
30 ®:
El(q)l U ¢2)Z

d00o:

return S

return {s € S: a € L(s)}

return S\ Sat(®)

return Sat(®;) N Sat(P,)

return {s € S: Post(s) N Sat(®) # &}

time complexity: 7
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Recursive computation of satisfaction sets ...

case ¢ is

true:

a e AP:
-¢:

¢1 A ¢22
30 ®:
El(q)l U ¢2)Z

d00o:

return S

return {s € S: a € L(s)}

return S\ Sat(®)

return Sat(®;) N Sat(P,)

return {s € S: Post(s) N Sat(®) # &}

«——| complexity O(size(T))

—| complexity O(size(T))

time complexity: 7

116 /454



Recursive computation of satisfaction sets ...

case ¢ is

true:

a e AP:
-¢:

¢1 A ¢22
30 ®:
El(q)l U ¢2)Z

d00o:

return S

return {s € S: a € L(s)}

return S\ Sat(®)

return Sat(®;) N Sat(P,)

return {s € S: Post(s) N Sat(®) # &}

«——| complexity O(size(T))

—| complexity O(size(T))

time complexity: O(size(T) - |®|)
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Recursive computation of Sat(...) CTLNC3-8A
Sat(P1APy) = Sat(P;) N Sat(dy)
Sat(—P) = S\ Sat(®P)
Sat(30P) = {s € S: Post(s) N Sat(®) = &}
Sat(EI(d)l Udy)) = |J T, where
= Sat(P,) =0
Toi1 = {s € Sat(®1) : Post(s)N T, # &}

Sat(30®) = () V, where

n>0

Vo = Sat(®); Va1 = {s € V,: Post(s) NV, # &}
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Example: CTL model checking oriMed 3-21

¢ =30~(3I(aUb) v I0-a)
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Example: CTL model checking
v,

v,

v,

® = 30~(3(2U b) vIO-a)

v,

CTLMC4.3-21
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Example: CTL model checking oriMed 3-21
v,
v,

v,

v,
® = 30— a(an)v 02

)
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Example: CTL model checking oriMed 3-21
v,
v,

v, L&

v,
®=30~(3(2Ub)v 302 ) = 30 (V1 V V)
—_———

2
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Example: CTL model checking oriMed 3-21
v,
v,

v, L&

v,
®=30~(3(2Ub)v 302 ) = 30 (V1 V V)
—_———

R
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Example: CTL model checking oriMed 3-21
v, o
v,, ¢

wl w31 ¢

v,
®=30~(3(2Ub)v 302 ) = 30 (V1 V V)
—_———

R
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Example: CTL model checking oriMed 3-21
v, o

W, &
TE®

wl w31 ¢

v,
®=30~(3(2Ub)v 302 ) = 30 (V1 V V)
—_———

R
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Complexity of CTL model checking CTLMEA 322
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Complexity of CTL model checking CTLMEA 322

CTL model checking: O(size(T) - |®|)
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Complexity of CTL/LTL model checking  crvcis2

CTL model checking: O(size(T) - |®|)

LTL model checking: (’)(size(T)-eXP(|<P|))
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Complexity of CTL/LTL model checking  crvcis2

CTL model checking: O(size(T) - |®|)

LTL model checking: (’)(size(T)-eXP(|<P|))

model complexity, i.e., for fixed specification:

CTL and LTL:  O(size(T))
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Complexity of CTL/LTL model checking  crvcis2

CTL model checking: O(size(T) - |®|)

LTL model checking: (’)(size(T)-eXP(|<P|))

model complexity, i.e., for fixed specification:

CTL and LTL:  O(size(T))

If ® = ¢ then “often” we have: |®| = exp(|¢]|)
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CTL vs LTL orLMed.3-23

general observation:

CTL formulas are often “essentially longer” than
equivalent LTL formulas, provided there is one.
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CTL vs LTL orLMed.3-23

general observation:

CTL formulas are often “essentially longer” than
equivalent LTL formulas, provided there is one.

Recall: for each CTL formula ® we have:

If ® is equivalent to some LTL formula then:

® = ¢ where @ arises from ® by deleting all
path quantifiers V, 3 from ®
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CTL vs LTL orLMed.3-23

general observation:

CTL formulas are often “essentially longer” than
equivalent LTL formulas, provided there is one.

Recall: for each CTL formula ® we have:

If ® is equivalent to some LTL formula then:

® = ¢ where @ arises from ® by deleting all
path quantifiers V, 3 from ®

In particular: |p| < |®|
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CTL vs LTL orLMed.3-23

If ® is equivalent to some LTL formula then:

® = where @ arises from ® by deleting all
path quantifiers V, 4 from ®

In particular: |p| < |®|

If P # NP then there is a sequence (©p)n>0
of LTL formulas such that:
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CTL vs LTL orLMed.3-23

If ® is equivalent to some LTL formula then:

® = where @ arises from ® by deleting all
path quantifiers V, 4 from ®

In particular: |p| < |®|

If P # NP then there is a sequence (©p)n>0
of LTL formulas such that:

o |©n| = O(poly(n))
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CTL vs LTL orLMed.3-23

If ® is equivalent to some LTL formula then:

® = where @ arises from ® by deleting all
path quantifiers V, 4 from ®

In particular: |p| < |®|

If P # NP then there is a sequence (©p)n>0
of LTL formulas such that:

o |©n| = O(poly(n))

® , has an equivalent CTL formula
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CTL vs LTL orLMed.3-23

If ® is equivalent to some LTL formula then:

® = where @ arises from ® by deleting all
path quantifiers V, 4 from ®

In particular: |p| < |®|

If P # NP then there is a sequence (©p)n>0
of LTL formulas such that:

o |pa| = O(poly(n))
® , has an equivalent CTL formula

e there is no CTL formula of polynomial length
that is equivalent to ¢,
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LTL-encoding the Hamilton path problem  cicis2
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LTL-encoding the Hamilton path problem  cicis2

digraph G ., transition system Tc
with n nodes + LTL formula ¢,

s.t. G has a Hamilton path iff Tg £ —p
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LTL-encoding the Hamilton path problem  cicis2

digraph G ., transition system Tc
with n nodes + LTL formula ¢,

s.t. G has a Hamilton path iff Tg £ —p

digraph G A~ transition system 7¢g
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LTL-encoding the Hamilton path problem  cicis2

digraph G ., transition system Tc
with n nodes + LTL formula ¢,

s.t. G has a Hamilton path iff Tg £ —p

digraph G A~ transition system 7¢g

AP = {ay, ay, a3}
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LTL-encoding the Hamilton path problem  cicis2

digraph G ., transition system Tc
with n nodes + LTL formula ¢,

s.t. G has a Hamilton path iff Tg & -,

On = A ((}a,- AO(a; — OD—-a,-))

1<i<n
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LTL-encoding the Hamilton path problem  cicis2

digraph G ., transition system Tc
with n nodes + LTL formula ¢/,

s.t. G has a Hamilton path iff Tg £ -

Pn = A ((}a,-/\I:I(a,-—>OEI—-a,-))

1<i<n

A A I:I(a;—>/\—-ak)

1<i<n ki
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LTL-encoding the Hamilton path problem

CTLMC4.3-24

digraph G
with n nodes

transition system 7¢g

+ LTL formula ¢,

s.t. G has a Hamilton path iff Tg £ -

O = A

1<i<n

AN

1<i<n

Ao

(Oai AO(a; — OD—-a,-))

I:I(a; — /\ —-ak)

ki

A-ai— O A -a

1<i<n

1<i<n

)

144 / 454



CTL-encoding the Hamilton path problem ciucisor
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CTL-encoding the Hamilton path problem ciucisor

digraph G ., transition system Tc
with n nodes + CTL formula ¢,

s.t. G has a Hamilton path iff Tg £ ~®,
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CTL-encoding the Hamilton path problem ciucisor

digraph G ., transition system Tc
with n nodes + CTL formula ¢,

s.t. G has a Hamilton path iff Tg £ ~®,

digraph G A~ transition system 7¢g

AP = {ay, ay, a3}
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CTL-encoding the Hamilton path problem ciucisor

digraph G ., transition system Tc
with n nodes + CTL formula ¢,

s.t. G has a Hamilton path iff Tg £ ~®,

CTL formula ®,, e.g., for n = 3:

(31 A ElO(az A 3033)) \% (31 A 30(33 A EIOag)) \%
(32 A30(a1 ATOa3)) V (a2 ATO(a3 A 3Qa1)) V
(33 A3O(a1 A EIOag)) \% (33 A3JO(a2 A EIOal))
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Formulas ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is
{{ai}...{a,} @ : (i, ..., in) permutation of (1,...,n)}
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Formulas ¢/, and ¢/, CTLMO4.3-25
LTL formula ¢/, such that Words(y?) is
{{ai}...{a,} @ : (i, ..., in) permutation of (1,...,n)}
CTL formula @7
V{W(i,...,in): (it ., in) permutation of (1,..., n)}
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Formulas ¢/, and ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is
{{ai}...{a,} @ : (i, ..., in) permutation of (1,...,n)}
CTL formula @7
V{W(i,...,in): (it ., in) permutation of (1,..., n)}

\V(il, iz, ceey i,,) = aj A Q =3, A 30"’([2, ceey i,,)
k#i
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Formulas ¢/, and ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is

{{ai}...{a,} @ : (i, ..., in) permutation of (1, ...

CTL formula @7

VA{V(h,...,in): (i, ..., in) permutation of (1,...

k#h

k#i

\V(il,iz,...,in) = a,-l/\ /\ —-ak/\EIO\II(ig,...,

in)
Vi) = a A A —-ak/\EIOEID/\—nak
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Formulas ¢/, and ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is

{{ai}...{a,} @ : (i, ..., in) permutation of (1, ...

CTL formula @7

VA{V(h,...,in): (i, ..., in) permutation of (1,...

k#h

k#i

\V(il, iz, ceey i,,) = aj A /\ =3, A 30"’([2, ceey i,,)

Vi) = a A A —-ak/\EIOEID/\—nak

show: -l = ~®!
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Formulas ¢/, and ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is

{{ai}...{a,} @ : (i, ..., in) permutation of (1, ...

CTL formula @7

VA{V(h,...,in): (i, ..., in) permutation of (1,...

k#h

k#i

\V(il,iz,...,in) = a,-l/\ /\ —-ak/\EIO\II(ig,...,

in)
Vi) = a A A —-ak/\EIOEID/\—nak

show: =y, = =@ for all TS 7T

T, < T k-9,
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Formulas ¢/, and ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is

{{ai}...{a,} @ : (i, ..., in) permutation of (1, ...

CTL formula @7

VA{V(h,...,in): (i, ..., in) permutation of (1,...

k#h

k#i

\V(il,iz,...,in) = a,-l/\ /\ —-ak/\EIO\II(ig,...,

in)
Vi) = a A A —-ak/\EIOEID/\—nak

show: =y, = =@ for all TS 7T

T, < T -9,
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Formulas ¢/, and ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is
{{ai}...{a,} @ : (i, ..., in) permutation of (1,...,n)}
CTL formula @7
V{W(i,...,in): (it ., in) permutation of (1,..., n)}

T £~ iff Jinitial state sp with sp & 2P/,
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Formulas ¢/, and ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is
{{ai}...{a,} @ : (i, ..., in) permutation of (1,...,n)}
CTL formula @7
V{W(i,...,in): (it ., in) permutation of (1,..., n)}

T £~ iff Jinitial state sp with sp & 2P/,
iff 3 initial state sp with s |= @/,
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Formulas ¢/, and ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is
{{ai}...{a,} @ : (i, ..., in) permutation of (1,...,n)}
CTL formula @7
V{W(i,...,in): (it ., in) permutation of (1,..., n)}

T £~ iff Jinitial state sp with sp & 2P/,
iff 3 initial state sp with s |= @/,
iff 3 permutation (i, ..., i) of (1,...,n)
s.t. {a,}...{a;}2“ € Traces(T)
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Formulas ¢/, and ¢/, CTLMO4.3-25

LTL formula ¢/, such that Words(y?) is
{{ai}...{a,} @ : (i, ..., in) permutation of (1,...,n)}
CTL formula @7
V{W(i,...,in): (it ., in) permutation of (1,..., n)}

T £~ iff Jinitial state sp with sp & 2P/,
iff 3 initial state sp with s |= @/,
iff 3 permutation (i, ..., i) of (1,...,n)
s.t. {a,}...{a;}2“ € Traces(T)
iff T -l
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CT L vsLTL oTLMC4.3-23A

If P # NP then there is a sequence (¢n)n>0 of

LTL formulas such that:

o |oa| = O(poly(n))

e (, has an equivalent CTL formula, but no
equivalent CTL formula of polynomial length
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CT L vsLTL oTLMC4.3-23A

If P # NP then there is a sequence (¢n)n>0 of

LTL formulas such that:

o |oa| = O(poly(n))

e (, has an equivalent CTL formula, but no
equivalent CTL formula of polynomial length

Proof. Let ¢, = —¢l,.
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CT L vsLTL oTLMC4.3-23A

If P # NP then there is a sequence (¢n)n>0 of

LTL formulas such that:

o |oa| = O(poly(n))

e (, has an equivalent CTL formula, but no
equivalent CTL formula of polynomial length

Proof. Let p, = —¢!,. Then:
o loul =lpnl +1=0(m)
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CT L vsLTL oTLMC4.3-23A

If P # NP then there is a sequence (¢n)n>0 of

LTL formulas such that:

o |oa| = O(poly(n))

e (, has an equivalent CTL formula, but no
equivalent CTL formula of polynomial length

Proof. Let p, = —¢!,. Then:
o |enl =lphl +1=0(n?)
® , has an equivalent CTL formula,
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CT L vsLTL oTLMC4.3-23A

If P # NP then there is a sequence (¢n)n>0 of

LTL formulas such that:

o |oa| = O(poly(n))

e (, has an equivalent CTL formula, but no
equivalent CTL formula of polynomial length

Proof. Let p, = —¢!,. Then:
o |@nl = @4l +1=0(r?)
e , has an equivalent CTL formula, e.g., °®/,
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CT L vsLTL oTLMC4.3-23A

If P # NP then there is a sequence (¢n)n>0 of
LTL formulas such that:
o |oa| = O(poly(n))
e (, has an equivalent CTL formula, but no
equivalent CTL formula of polynomial length

Proof. Let p, = —¢!,. Then:

o ool = lehl +1=0(m)

e , has an equivalent CTL formula, e.g., °®/,
Suppose there is a CTL formula of polynomial length
that is equivalent to (.
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CT L vsLTL oTLMC4.3-23A

If P # NP then there is a sequence (¢n)n>0 of
LTL formulas such that:
o |oa| = O(poly(n))
e (, has an equivalent CTL formula, but no
equivalent CTL formula of polynomial length

Proof. Let p, = —¢!,. Then:
o ool = lehl +1=0(m)
e , has an equivalent CTL formula, e.g., °®/,
Suppose there is a CTL formula of polynomial length
that is equivalent to ¢,. Then:

Hamilton path problem € P
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CT L vsLTL oTLMC4.3-23A

If P # NP then there is a sequence (¢n)n>0 of
LTL formulas such that:
o |oa| = O(poly(n))
e (, has an equivalent CTL formula, but no
equivalent CTL formula of polynomial length

Proof. Let p, = —¢!,. Then:

o loal =lehl +1=0(n?)

e , has an equivalent CTL formula, e.g., °®/,
Suppose there is a CTL formula of polynomial length

that is equivalent to ¢,. Then:
Hamilton path problem € P and P = NP
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