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LTL model checking problem ltlmc3.2-19
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LTL model checking problem ltlmc3.2-19

given: finite transition system TTT over APAPAP
(without terminal states)
LTL-formula ϕϕϕ over APAPAP

question: does T |= ϕT |= ϕT |= ϕ hold ?
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given: finite transition system TTT over APAPAP
(without terminal states)
LTL-formula ϕϕϕ over APAPAP
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LTL model checking problem ltlmc3.2-19

given: finite transition system TTT over APAPAP
(without terminal states)
LTL-formula ϕϕϕ over APAPAP

question: does T |= ϕT |= ϕT |= ϕ hold ?

basic idea: try to refute T |= ϕT |= ϕT |= ϕ by searching
for a path πππ in TTT s.t.

π !|= ϕπ !|= ϕπ !|= ϕ
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LTL model checking problem ltlmc3.2-19

given: finite transition system TTT over APAPAP
(without terminal states)
LTL-formula ϕϕϕ over APAPAP

question: does T |= ϕT |= ϕT |= ϕ hold ?

basic idea: try to refute T |= ϕT |= ϕT |= ϕ by searching
for a path πππ in TTT s.t.

π !|= ϕπ !|= ϕπ !|= ϕ, i.e., π |= ¬ϕπ |= ¬ϕπ |= ¬ϕ
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The LTL model checking problem ltlmc3.2-19a

given: finite transition system TTT over APAPAP
LTL-formula ϕϕϕ over APAPAP

question: does T |= ϕT |= ϕT |= ϕ hold ?

1. construct an NBA AAA for Words(¬ϕ)Words(¬ϕ)Words(¬ϕ)
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The LTL model checking problem ltlmc3.2-19a

given: finite transition system TTT over APAPAP
LTL-formula ϕϕϕ over APAPAP

question: does T |= ϕT |= ϕT |= ϕ hold ?

1. construct an NBA AAA for Words(¬ϕ)Words(¬ϕ)Words(¬ϕ)
2. search a path πππ in TTT with

trace(π) ∈Words(¬ϕ)trace(π) ∈ Words(¬ϕ)trace(π) ∈ Words(¬ϕ)

8 / 527



The LTL model checking problem ltlmc3.2-19a

given: finite transition system TTT over APAPAP
LTL-formula ϕϕϕ over APAPAP

question: does T |= ϕT |= ϕT |= ϕ hold ?

1. construct an NBA AAA for Words(¬ϕ)Words(¬ϕ)Words(¬ϕ)
2. search a path πππ in TTT with

trace(π) ∈Words(¬ϕ)trace(π) ∈ Words(¬ϕ)trace(π) ∈ Words(¬ϕ) = Lω(A)= Lω(A)= Lω(A)
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The LTL model checking problem ltlmc3.2-19a

given: finite transition system TTT over APAPAP
LTL-formula ϕϕϕ over APAPAP

question: does T |= ϕT |= ϕT |= ϕ hold ?

1. construct an NBA AAA for Words(¬ϕ)Words(¬ϕ)Words(¬ϕ)
2. search a path πππ in TTT with

trace(π) ∈Words(¬ϕ)trace(π) ∈ Words(¬ϕ)trace(π) ∈ Words(¬ϕ) = Lω(A)= Lω(A)= Lω(A)↑↑↑
construct the product-TS T ⊗AT ⊗AT ⊗A
search a path in the product that meets

the acceptance condition of AAA
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Automata-based LTL model checking ltlmc3.2-18

finite transition
system TTT LTL formula ϕϕϕ

LTL model checking

does T |= ϕT |= ϕT |= ϕ hold ?

yes no
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Automata-based LTL model checking ltlmc3.2-18

finite transition
system TTT LTL formula ϕϕϕ

NBA AAA for ¬ϕ¬ϕ¬ϕ
“bad behaviors”

LTL model checking

does T |= ϕT |= ϕT |= ϕ hold ?

yes no
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Automata-based LTL model checking ltlmc3.2-18

finite transition
system TTT LTL formula ϕϕϕ

NBA AAA for ¬ϕ¬ϕ¬ϕ
“bad behaviors”

LTL model checking

via persistence checking
T ⊗A |=T ⊗A |=T ⊗A |= “♦"♦"♦" no final state” ?

yes no
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Automata-based LTL model checking ltlmc3.2-18

finite transition
system TTT LTL formula ϕϕϕ

NBA AAA for ¬ϕ¬ϕ¬ϕ
“bad behaviors”

LTL model checking

via persistence checking
T ⊗A |=T ⊗A |=T ⊗A |= “♦"♦"♦" no final state” ?

yes no +++ error indication
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Safety and LTL model checking ltlmc3.2-20
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Safety and LTL model checking ltlmc3.2-20

safety property EEE LTL-formula ϕϕϕ
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Safety and LTL model checking ltlmc3.2-20

safety property EEE LTL-formula ϕϕϕ

NFA for the
bad prefixes for EEE
L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+
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Safety and LTL model checking ltlmc3.2-20

safety property EEE LTL-formula ϕϕϕ

NFA for the
bad prefixes for EEE
L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+

NBA for the
“bad behaviors”

Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)
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Safety and LTL model checking ltlmc3.2-20

safety property EEE LTL-formula ϕϕϕ

NFA for the
bad prefixes for EEE
L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+

NBA for the
“bad behaviors”

Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)

Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅
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Safety and LTL model checking ltlmc3.2-20

safety property EEE LTL-formula ϕϕϕ

NFA for the
bad prefixes for EEE
L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+

NBA for the
“bad behaviors”

Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)

Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅ Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅
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Safety and LTL model checking ltlmc3.2-20

safety property EEE LTL-formula ϕϕϕ

NFA for the
bad prefixes for EEE
L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+

NBA for the
“bad behaviors”

Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)

Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅ Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅

invariant checking
in the product

T ⊗A |= !¬FT ⊗A |= !¬FT ⊗A |= !¬F ?
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Safety and LTL model checking ltlmc3.2-20

safety property EEE LTL-formula ϕϕϕ

NFA for the
bad prefixes for EEE
L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+

NBA for the
“bad behaviors”

Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)

Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅ Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅

invariant checking
in the product

T ⊗A |= !¬FT ⊗A |= !¬FT ⊗A |= !¬F ?

persistence checking
in the product
T ⊗A |= ♦!¬FT ⊗A |= ♦!¬FT ⊗A |= ♦!¬F ?
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Safety and LTL model checking ltlmc3.2-20

safety property EEE LTL-formula ϕϕϕ

NFA for the
bad prefixes for EEE
L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+

NBA for the
“bad behaviors”

Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)

Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅ Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅

invariant checking
in the product

T ⊗A |= !¬FT ⊗A |= !¬FT ⊗A |= !¬F ?

persistence checking
in the product
T ⊗A |= ♦!¬FT ⊗A |= ♦!¬FT ⊗A |= ♦!¬F ?

error indication:
π̂ ∈ Pathsfin(T )π̂ ∈ Pathsfin(T )π̂ ∈ Pathsfin(T )

s.t. trace(π̂) ∈ L(A)trace(π̂) ∈ L(A)trace(π̂) ∈ L(A)
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Safety and LTL model checking ltlmc3.2-20

safety property EEE LTL-formula ϕϕϕ

NFA for the
bad prefixes for EEE
L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+L(A) ⊆ (2AP)+

NBA for the
“bad behaviors”

Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)Lω(A) = Words(¬ϕ)

Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅Tracesfin(T ) ∩ L(A) = ∅ Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅Traces(T ) ∩ Lω(A) = ∅

invariant checking
in the product

T ⊗A |= !¬FT ⊗A |= !¬FT ⊗A |= !¬F ?

persistence checking
in the product
T ⊗A |= ♦!¬FT ⊗A |= ♦!¬FT ⊗A |= ♦!¬F ?

error indication:
π̂ ∈ Pathsfin(T )π̂ ∈ Pathsfin(T )π̂ ∈ Pathsfin(T )

s.t. trace(π̂) ∈ L(A)trace(π̂) ∈ L(A)trace(π̂) ∈ L(A)

error indication:
prefix of a path πππ

s.t. trace(π) ∈ Lω(A)trace(π) ∈ Lω(A)trace(π) ∈ Lω(A)
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Complexity of LTL model checking ltlmc3.2-71

main steps of automata-based LTL model checking:

construction of an NBA AAA
for ¬ϕ¬ϕ¬ϕ

persistence checking in the
product T ⊗AT ⊗AT ⊗A
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Complexity of LTL model checking ltlmc3.2-71

main steps of automata-based LTL model checking:

construction of an NBA AAA
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Complexity of LTL model checking ltlmc3.2-71

main steps of automata-based LTL model checking:

construction of an NBA AAA
for ¬ϕ¬ϕ¬ϕ ←− O(exp(|ϕ|))←− O(exp(|ϕ|))←− O(exp(|ϕ|))

persistence checking in the
product T ⊗AT ⊗AT ⊗A ←− O(size(T ) · size(A))←− O(size(T ) · size(A))←− O(size(T ) · size(A))

complexity: O(size(T ) · exp(|ϕ|))O(size(T ) · exp(|ϕ|))O(size(T ) · exp(|ϕ|))

The LTL model checking problem is
PSPACE-complete
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Recall: complexity classes ltlmc3.2-72a
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Complexity classes PPP, NPNPNP ltlmc3.2-72a

PPP

NPNPNP

PPP === class of decision problem solvable in
deterministic polynomial time

NPNPNP === class of decision problem solvable in
nondeterministic polynomial time
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Complexity classes PPP, NPNPNP ltlmc3.2-72a

PPP

NPNPNP

NPCNPCNPC

NPCNPCNPC === class of NPNPNP-complete problems
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Complexity classes PPP, NPNPNP ltlmc3.2-72a

PPP

NPNPNP

NPCNPCNPC

NPCNPCNPC === class of NPNPNP-complete problems
↑↑↑

(1) L ∈ NPL ∈ NPL ∈ NP

(2) LLL is NPNPNP-hard, i.e., K ≤poly LK ≤poly LK ≤poly L for all K ∈ NPK ∈ NPK ∈ NP
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Complexity classes PPP, NPNPNP ltlmc3.2-72a

PPP

NPNPNP

NPCNPCNPC

NPNPNP-hard
problems

NPCNPCNPC === class of NPNPNP-complete problems
↑↑↑

(1) L ∈ NPL ∈ NPL ∈ NP

(2) LLL is NPNPNP-hard, i.e., K ≤poly LK ≤poly LK ≤poly L for all K ∈ NPK ∈ NPK ∈ NP
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Complexity classes PPP, NPNPNP, coNPcoNPcoNP ltlmc3.2-72a

PPP

NPNPNP

NPCNPCNPC

NPNPNP-hard
problems

coNPcoNPcoNP

coNP =
{

L : L ∈ NP
}

coNP =
{

L : L ∈ NP
}

coNP =
{

L : L ∈ NP
}

↑↑↑
complement of LLL
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Complexity classes PPP, NPNPNP, coNPcoNPcoNP ltlmc3.2-72a

PPP

NPNPNP

NPCNPCNPC

NPNPNP-hard
problems

coNPcoNPcoNP

coNPCcoNPCcoNPC

coNPCcoNPCcoNPC === class of coNPcoNPcoNP-complete problems
↑↑↑

(1) L ∈ coNPL ∈ coNPL ∈ coNP

(2) LLL is coNPcoNPcoNP-hard, i.e., K ≤poly LK ≤poly LK ≤poly L for all K ∈ coNPK ∈ coNPK ∈ coNP
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Complexity classes PPP, NPNPNP, coNPcoNPcoNP ltlmc3.2-72a

PPP

NPNPNP

NPCNPCNPC

NPNPNP-hard
problems

coNPcoNPcoNP

coNPCcoNPCcoNPC

coNPcoNPcoNP-hard
problems

coNPCcoNPCcoNPC === class of coNPcoNPcoNP-complete problems

LLL is coNPcoNPcoNP-hard iff LLL is NPNPNP-hard
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Complexity classes PPP, NPNPNP, coNPcoNPcoNP ltlmc3.2-72a

PPP

NPNPNP

NPCNPCNPC

NPNPNP-hard
problems

coNPcoNPcoNP

coNPCcoNPCcoNPC

coNPcoNPcoNP-hard
problems

LLL LLL

coNPCcoNPCcoNPC === class of coNPcoNPcoNP-complete problems

LLL is coNPcoNPcoNP-hard iff LLL is NPNPNP-hard
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Complexity classes PPP, NPNPNP, coNPcoNPcoNP ltlmc3.2-72a

PPP

NPNPNP

NPCNPCNPC

NPNPNP-hard
problems

coNPcoNPcoNP

coNPCcoNPCcoNPC

coNPcoNPcoNP-hard
problems

LTL-MCLTL-MCLTL-MC LTL-MCLTL-MCLTL-MC

coNPCcoNPCcoNPC === class of coNPcoNPcoNP-complete problems

LLL is coNPcoNPcoNP-hard iff LLL is NPNPNP-hard
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coNPcoNPcoNP-hardness ltlmc3.2-72

The LTL model checking problem is coNPcoNPcoNP-hard
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coNPcoNPcoNP-hardness ltlmc3.2-72

The LTL model checking problem is coNPcoNPcoNP-hard

proof by a polynomial reduction

HPHPHP ≤poly≤poly≤poly LTL-MCLTL-MCLTL-MC
↗↗↗

Hamilton path
problem

↖↖↖
complement of the
LTL model checking problem
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coNPcoNPcoNP-hardness ltlmc3.2-72

The LTL model checking problem is coNPcoNPcoNP-hard

proof by a polynomial reduction

HPHPHP ≤poly≤poly≤poly LTL-MCLTL-MCLTL-MC
↗↗↗

Hamilton path
problem

↖↖↖
complement of the
LTL model checking problem

complement of the LTL model checking problem:

given: finite transition system TTT , LTL-formula ϕϕϕ
question: does T $|= ϕT $|= ϕT $|= ϕ hold ?
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coNPcoNPcoNP-hardness ltlmc3.2-72

The LTL model checking problem is coNPcoNPcoNP-hard

proof by a polynomial reduction

HPHPHP ≤poly≤poly≤poly LTL-MCLTL-MCLTL-MC
↗↗↗

Hamilton path
problem

↖↖↖
complement of the
LTL model checking problem

↑↑↑
NP-complete

complement of the LTL model checking problem:

given: finite transition system TTT , LTL-formula ϕϕϕ
question: does T %|= ϕT %|= ϕT %|= ϕ hold ?
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coNPcoNPcoNP-hardness ltlmc3.2-72

The LTL model checking problem is coNPcoNPcoNP-hard

proof by a polynomial reduction

HPHPHP ≤poly≤poly≤poly LTL-MCLTL-MCLTL-MC
↗↗↗

Hamilton path
problem

↖↖↖
complement of the
LTL model checking problem

↑↑↑ ↑↑↑
NP-complete NP-hard

complement of the LTL model checking problem:

given: finite transition system TTT , LTL-formula ϕϕϕ
question: does T %|= ϕT %|= ϕT %|= ϕ hold ?
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Complexity of LTL model checking ltlmc3.2-73a

We just saw:

The LTL model checking problem is coNPcoNPcoNP-hard

We now prove:

The LTL model checking problem is
PSPACEPSPACEPSPACE -complete
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The complexity class PSPACEPSPACEPSPACE ltlmc3.2-74
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The complexity class PSPACEPSPACEPSPACE ltlmc3.2-74

PSPACE =PSPACE =PSPACE = class of decision problems solvable by a
deterministic polynomially space-bounded algorithm
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The complexity class PSPACEPSPACEPSPACE ltlmc3.2-74

PSPACE =PSPACE =PSPACE = class of decision problems solvable by a
deterministic polynomially space-bounded algorithm

• NP ⊆ PSPACENP ⊆ PSPACENP ⊆ PSPACE
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The complexity class PSPACEPSPACEPSPACE ltlmc3.2-74

PSPACE =PSPACE =PSPACE = class of decision problems solvable by a
deterministic polynomially space-bounded algorithm

• NP ⊆ PSPACENP ⊆ PSPACENP ⊆ PSPACE
↑↑↑

DFS-based analysis of the computation tree
of an NPNPNP-algorithm
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The complexity class PSPACEPSPACEPSPACE ltlmc3.2-74

PSPACE =PSPACE =PSPACE = class of decision problems solvable by a
deterministic polynomially space-bounded algorithm

• NP ⊆ PSPACENP ⊆ PSPACENP ⊆ PSPACE
↑↑↑

DFS-based analysis of the computation tree
of an NPNPNP-algorithm

space requirements:
recursion depth =̂̂=̂= height of computation tree
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The complexity class PSPACEPSPACEPSPACE ltlmc3.2-74

PSPACE =PSPACE =PSPACE = class of decision problems solvable by a
deterministic polynomially space-bounded algorithm

• NP ⊆ PSPACENP ⊆ PSPACENP ⊆ PSPACE

• PSPACE = coPSPACEPSPACE = coPSPACEPSPACE = coPSPACE
(holds for any deterministic complexity class)
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The complexity class PSPACEPSPACEPSPACE ltlmc3.2-74

PSPACE =PSPACE =PSPACE = class of decision problems solvable by a
deterministic polynomially space-bounded algorithm

• NP ⊆ PSPACENP ⊆ PSPACENP ⊆ PSPACE

• PSPACE = coPSPACEPSPACE = coPSPACEPSPACE = coPSPACE
(holds for any deterministic complexity class)

• PSPACE = NPSPACEPSPACE = NPSPACEPSPACE = NPSPACE (Savitch’s Theorem)
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The complexity class PSPACEPSPACEPSPACE ltlmc3.2-74

PSPACE =PSPACE =PSPACE = class of decision problems solvable by a
deterministic polynomially space-bounded algorithm

• NP ⊆ PSPACENP ⊆ PSPACENP ⊆ PSPACE

• PSPACE = coPSPACEPSPACE = coPSPACEPSPACE = coPSPACE
(holds for any deterministic complexity class)

• PSPACE = NPSPACEPSPACE = NPSPACEPSPACE = NPSPACE (Savitch’s Theorem)
↑↑↑

To prove L ∈ PSPACEL ∈ PSPACEL ∈ PSPACE it suffices to provide a
nondeterministic polynomially space-bounded
algorithm for the complement LLL of LLL
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Complexity classes PPP, NPNPNP, coNPcoNPcoNP, PSPACEPSPACEPSPACE ltlmc3.2-74a

PPP

PSPACEPSPACEPSPACE

PSPACE =PSPACE =PSPACE = class of decision problems that are
decidable in deterministic polynomial space
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Complexity classes PPP, NPNPNP, coNPcoNPcoNP, PSPACEPSPACEPSPACE ltlmc3.2-74a

PPP

PSPACEPSPACEPSPACE

NPNPNP
coNPcoNPcoNP

PSPACE =PSPACE =PSPACE = class of decision problems that are
decidable in deterministic polynomial space
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Complexity classes PPP, NPNPNP, coNPcoNPcoNP, PSPACEPSPACEPSPACE ltlmc3.2-74a

PPP

PSPACEPSPACEPSPACE

NPNPNP
coNPcoNPcoNP

NPCNPCNPC
coNPCcoNPCcoNPC

PSPACE =PSPACE =PSPACE = class of decision problems that are
decidable in deterministic polynomial space
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Complexity classes PPP, NPNPNP, coNPcoNPcoNP, PSPACEPSPACEPSPACE ltlmc3.2-74a

PPP

PSPACEPSPACEPSPACE

NPNPNP
coNPcoNPcoNP

NPCNPCNPC
coNPCcoNPCcoNPC

LTL-MCLTL-MCLTL-MC LTL-MCLTL-MCLTL-MC

PSPACE =PSPACE =PSPACE = class of decision problems that are
decidable in deterministic polynomial space
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